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Introduction. 

The  problem  of  finding  all  the  types  of  non-isomorphic 
groups  of  a  given  order  was  formulated  by  Cayley.  The  groups 
are  to  be  conceived  as  generated  by  certain  fundamental 
operations  connected  by  a  number  of  independent  relations. 
For  the  lowest  numbers  (n  ^  32)  the  groups  were  determined 
by  Cayley,  Kempe,  Miller  and  Burnside  {1  —  4y  Kempe  gave 
also  a  graphic  representation  of  all  Q^  (^  ^  1*^)-  The  problem 
was  dealt  with  more  generally  by  Netto  (5),  who  gave  all 
the  groups  Gp-.  and  Opq.  He  did  not,  however,  indicate  any 
general  method.  Holder  was  the  first  to  determine  in  a 
treatise  (6')  more  general  methods  for  the  building-up  of  com- 
pound groups  from  given  factor-groups.  In  the  treatise  men- 
tioned he  also  solved  the  problem  for  p^,  pq'^,  pqr  and  p'^. 
Young,  Cole  and  Glover  also  dealt  with  the  same  types  of 
groups  about  the  same  time  as  Holder  (7,  8).  Groups  whose 
order  contains  a  smaller  number  of  prime  factors  —  equal  or 
unequal  —  are  investigated  below  and  the  respective  groups 
have  been  set  up  (9  — 19).  When  the  number  of  prime  factors 
entering  into  the  order  of  the  group  is  increased,  the  problem 
soon  becomes  remarkably  complicated.  The  present  treatise  aims 
at  giving  the  complete  solution  of  the  problem  in  respect  of 
groups  whose  order  is  I6p^  and  8^^.  From  the  defining 
relations  set  up,  certain  characteristics  of  the  groups  investi- 
gated may  be  discovered.  Some  groups  are,  e.  g.,  the  direct 
product  of  two  or  more  groups  of  lower  order  or  may  be 
determined  by  n  —  to  —  n  isomorphism  in  two  groups  of 
lower  order.  The  solubility  of  the  groups  Gpoq^  has  been 
proved  for  all  a  and  ^  by  Burnside  (20). 

1  Tiie  figures  in  italics  refer  to  corresponding  figured  in  the 
Bibliography. 
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The  groups  of  order  \6p^' 

The  various  groups  of  order  16  ^  appear  here  as  sub-groups. 
As  a  knowledge  of  their  self-conjugate  sub-groups  simplifies 
the   investigation    considerably   these   groups   are  given  here. 

The  sub-groups  are  {A^},  {A^}  and  {A^}.  The  order^  of  the 
group  of  isomorphisms  is  8. 

^2^  =  {^8  =  ^2  =  1      AB  =  BA] 

The  sub-groups  are  {A},  {AB},  {A\  B}  of  order  8,  {^2}^  {A^B}, 
{A^  B)  of  order  4  and  {A^},  {B},  {A^B]  of  order  2.    The  order 
of  the  group  of  isomorphisms  is  16. 
^3^  =  {^4  =  j54  =  i     AB  =  BA} 

The  sub-groups  are  {A,  B^},  {A^,  B},  {AB,  A^  of  order  8, 
{A],  {B},  {ABl  {AB^},  {AB^},  {A^B),  {A^  B^}  of  order  4 
and  {JL2},  {^2}^  {A^B^}  of  order  2.  The  order  of  the  group 
of  isomorphisms  is  96. 

0^^^  =  {A^  =  B^  =  C^  =  1  AB  =  BA  AC  =  CA  BC  =  CB} 
The  sub-groups  are  [A\  B,  C},  {A,  B],  {A,  C),  {A,  BC], 
{AB,  C},  {AB,  BC},  {AC,  B]  of  order  8,  {A],  {AB},  {AC}, 
{ABC},  {A^  B},  {A^  C},  {A^  BC},  {B,  C},  {B,  A^C},  {A^B,  C}, 
{A^B,  A^C}  of  order  4  and  {^2},  {B},  {A^B},  {C},  {A^C},  {BC} 
{A^BC}  of  order  2.  The  order  of  the  group  of  isomorphisms 
is  192. 


1  Burnside,    Theory   of   groups  of  finite   order.     Cap.   10  (1911). 

2  Levavasseur,  Les  groups  d'ordre  16^.     Toulouse   Ann.  (1903). 


16  '~\ad  =  da  BC=^CB       BD  =  DB  CD=DC) 

There  are  15  sub-groups  of  the  type  {A,  B,  C},  35  of  the 
type  {A,  B}  and  15  of  order  2.  The  order  of  the  group  of 
isomorphisms  is  20160. 

Q^    ={A^  =  B^  =  1       B-^AB  =  A^} 

The  self-conjugate  sub-groups  are  {A},  {BA},  {A^,  B}  (Abelian) 
of  order  8,  {^2}^  {BA^},  {AS  B}  of  order  4  and  {A^}  of  order  2. 
The  order  of  the  group  of  isomorphisms  is  16. 

7    _iA^  =  B^  =  C^  =  l        B-^AB  =  AC'A 

16"  I        AC=CA  BC  =  CB        J 

The  self -conjugate  sub-groups  are  {C,  A},  {C,  B],  {C,  BAG} 
(Abelian),  {AC,  B],  {BC,  A},  {BA,  B}  (dihedral  groups),  {AC,  BC} 
(quaternion-group)  of  order  8,  {C},  {AC},  {BC},  {BA},  {C^  A}, 
{C2,  B},  {C^  BAC}  of  order  4  and  {C^}  of  order  2.  The  order 
of  the  group  of  isomorphisms  is  48. 

^8^  =  {J.4  =  54  =  1       B-^AB  =  A^} 

The  self-conjugate  sub-groups  are  {A,  B^},  {B,  A^},  {BA,  A^} 
(Abehan)  of  order  8,  {A},  {B^A},  {A\  B^}  of  order  4  and 
{J.2},  {J52},  {A^B^}  of  order  2.  The  order  of  the  group  of 
isomorphisms  is  32. 

9    _(A^  =  B^  =  C-^  =  1         B-^AB  =  A^\ 
16 -\        BC=CB  AC  =  CA      i 

The  self-conjugate  sub-groups  are  {A^,  B,  C},  {A^,  BA,  C}, 
{A,  C}  (Abelian),  {A,  B},  {A,  BC},  {AC,  B},  {AC,  BA}  (di- 
hedral groups)  of  order  8,  {A},  {AC},  {A\  B},  {A^,  AB},  {A\BC}, 
{A^,  BAC},  {A\  C}  of  order  4  and  {A^},  {C},  {A^C}  of  order  2. 
The  order  of  the  group  of  isomorphisms  is  64. 

^10  _   (A^  =  B^  =  C^  =  1        B-^AB  =  AC\ 
16  -  \        AC=CA  BC  =  CB       I 

The  self-conjugate  sub-groups  are  {A^,  B,  C},  {A,  C},  {AB,  A^} 
(Abelian)  of  order  8,  {A^,  C},  {B,  C},  {A^B,  C}  of  order  4 
and  {A^},  {A^C},  {C}  of  order  2.  The  order  of  the  group  of 
isomorphisms  is  32. 


11  _  (A*  =  B^  =  0=1         B-^AB  =  A^\ 
^'^~  {a^  =  B^   AC^CA      BC=CB      J 

The  self-conjugate  sub-groups  are  {Aj  C},  {B,  C},  [AB,  C} 
(Abelian)  {A,  B],  {A,  BC],  {B,  AC],  {AB,  AC]  (quaternion- 
groups)  of  order  8,  {A},  [B],  [AB],  {AC},  {BC],  [ABC],  [A^  C} 
of  order  4  and  {A^},  [C],  [A^C]  of  order  2.  The  order  of 
the  group  of  isomorphisms  is  192. 

^1 2  =  {^8  =  ^2  =  1     B-^AB  =  ^-1} 
The    self -conjugate    sub-groups    are    [A]    (Abelian),    [A^,   B], 
{A^,  BA)    (dihedral    groups)   of  order  8,  {^2}  of  order  4  and 
{A'^]    of    order  2.     The   order   of   the   group  of  isomorphisms 
is  32. 

(^1 3  =  { J.8  =  j52  =  1       B-^AB  =  A^] 

The  self -conjugate  sub-groups  are  {A}  (Abelian),  {A^,  B]  (di- 
hedral group),  {A^y  BA}  (quaternion-group)  of  order  8,  {A^} 
of  order  4  and  {A*}  of  order  2.  The  order  of  the  group  of 
isomorphisms  is  16. 

^1 4  =  { A8  =  J54  =  1      A^  =  B^      B~^AB  =  A-^} 
The    self-conjugate    sub-groups    are    {A}    (Abelian),    [A^,    B}, 
{J.2,  AB}  (quaternion-groups)  of  order  8,  {A^}  of  order  4  and 
{A^}  of  order  2.    The  order  of  the  group  of  isomorphisms  is  32. 


Sjlow's  theorem  proves  that,  with  the  exception  of  ^  =  3,  5 
and  7,  all  the  investigated  groups  GiQp^  contain  a  self- 
conjugate   Gp2. 

I. 

The    Gicp-2   which    have  a  self-conjugrate    6ri6   and 

also   a  self-conjugrate    Gp2. 

The  sub-groups  G^q  and  Gp^  have  no  common  operation 
besides  the  identity.  Every  operation  in  G-^q  must  therefore 
be  permutable  with  every  operation  in  Gp2.    The  investigated 


GiQp2  are  thus  obtained  as  the  direct  product  of  1  (r^g  and 
1  Gp2.  28  types  are  obtained,  10  of  which  are  Abelian.  The 
sub-groups  of  the  direct  product  of  1  GH  and  1  Gp2  are  all 
self-conjugate.  These  two  groups  are  the  only  Gj^^p-.  besides 
the  Abelian  ones  possessing  this  property. 


II. 

The   Giep^^   which    contain  a  self-conjugrate  cyclic 

Gp2  and   more  than  1  G^q. 

The  factor-group  G-^Qp2  /  Q-  ^  is  isomorphic  with  any  one  of 
the  14  types  G^q.  The  group  of  isomorphisms  of  Gp^  is  a 
cyclic  group  of  order  p  {p  —  1).  If  no  operation  in  G^q  is 
permutable  with  every  operation  in  Gp^  then  G^q  must  be 
simply  isomorphic  with  the  group  of  isomorphisms  of  Gp2  or 
one  of  its  sub-groups.  G^q  must  consequently  be  cyclic.  The 
operations  in  G-^^q  which  are  permutable  with  every  operation 
in  Gp2  form  a  self-conjugate  sub-group  If  of  G^q.  To  every 
operation  of  the  factor-group  G^qJJJ  there  corresponds  an  iso- 
morphism of  Gp2,  wherefore  this  factor-group  must  be  cyclic. 
Two  sub-groups  H,  one  of  which  is  transferred  to  the  other 
by  taking  new  generating  operations  of  G^q,  give  isomorphic 
groups  GiQp2. 

The  result  is  set  forth  in  the  following  table: 


(f,,p'IGp' 

H 

A-^PA 

B-^PB 

G-^PC 

D-^PD 
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oU 
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pa 
pa 
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P 
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P 
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P 
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{BA^} 

pa 
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{A] 
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pa 
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P 
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P 

p 
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P 

P 
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P 
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^16 
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{A^.B} 

P 
p-l 

p-l 
P 

"^16 

{A} 
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[A^BA] 

P 
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16 

{A} 
[A^.B] 

P 
p-l 

p-l 
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• 

In  every  case  a  fixed  value  can  be  taken  for  a.  The 
remaining  a-values  give  isomorphic  groups  with  this  one. 
Morover  all  the  groups  obtained  are  distinct,  as  appears  from 
the  method  of  arrangement. 

III. 

The   6ri6p2   which    contain   a   self-conjugrate   non- 
cyclic  6rp2  and   nnore  than  1  G^q. 

The  factor-group  G-^Qp^/Q.  ^  is  isomorphic  with  any  one  of 
the  14  types  Gj^q.  The  operations  in  G-^^q  which  are  permu- 
table  with  every  operation  in  Gp2  form  a  self -conjugate  sub- 
group H  of  G^Q.  To  every  operation  in  G^^/ff  there  then 
corresponds  an  isomorphism  of  Gp2.  The  arrangement  of  the 
various  GiQp2  is  decided  by  the  type  of  H,  on  account  of  which 
this  is  considerably  simplified.  Two  groups  H  which  cannot 
be  transferred  the  one  to  the  other  by  altering  the  generating 
operations  of  (5^ig  give  distinct  groups. 

Giq/H  being  cyclic,  the  results  are  obtained  directly,  as 
the  Gj^Qp2  which  have  a  self- conjugate  Gp2  and  more  than  a 
cyclic  Gj^Q  have  been  previously  produced. 

(^l6p^/Gp2={A''  =  l}' 

We  have  A-^F^A  =  P^^P^^ 

A-^P^A  =  P^vP^^ 
whence  it  follows  that 

A-^P,^PJfA  =  P  «^  +  yypjx  +  ^y 

1  J  1  £ 

If  ad  —  PyEBO  (mod  p)  this  gives  an  isomorphism  of  Gp2. 
In  order  that  there  may  be  in  Gp2  sub-groups  of  order  p 
with  which  A  is  permutable  it  is  necessary  that 

o^-G  (a  +  d)  +  ad  —  ^y^O  (mod  p)  .  .  .  (1) 
If  d*  is  a  solution  of  this  congruence  x  and  y  can  be  found, 
so  that 

A-^p^^p^yA  =  {Pi^P^yy 

1  This  expression  indicates  that  the  factor-group  G^Qp2/Q  ^  is 
isomorphic  with  a  cyclic   G^q. 


9 

The  congruence  (1)  is  reducible 
Gp%  contains  p  +  iGp,  which  are   permuted  when   transformed 
hy  A.    Of  these  I  are  each  permutable  with  A.    The  rest  are 
permuted  in  cycles  with  2,  4,  8  or  16  in  each 

'.•  p  +  1  =  1-^  2m, 
whence  it  follows  that  /=|=1. 

At  least  two  sub-groups  Gp  are  each  permutable  with  A.    For 
this  {Pi}  and  {P^}  may  be  chosen 

•/  A-^F,A  =  Pi«  A-^P^A  =  P/ 

•.•  ai6  =  ^16  =  1  (mod  p) 

H={A^}     a  ^  — 1    /5^  +1   then  give  two  distinct  types. 

JS  =  {A"^}  a  can  be  chosen  as  a  fixed  primitive  root  of 
a*^l.    The  four  different  values  of  ^  all  give  distinct  types. 

H={A^]  a  a  fixed  primitive  root  of  a^^l.  The  eight 
different  values  of  ^  all  give  distinct  types. 

H=E  a  a  fixed  primitive  root  of  a^^^l.  The  fourteen 
different  values  p  =  a^  (r=|=ll,  13)  all  give  distinct  types. 

The  conginience  (1)  is  irreducible. 

Pi  and  P2  can  be  chosen  so  that  they  are  conjugated  when 
transformed  by  A 

-.'   JA  =  (Pr.   A;   A,   P,'P,'y 
This  isomorphism  may  be  of  order  4,  8  or  16. 

Ja^  =  {P,.  P,;  P,yP,\  P,y^P,y  +  ^ 

Ja*  =  {Pi,    P2;    P/y  +  <^')P2'^(2y  +  <52)^    p^y3(2y+52)p^3y^  +  y2_,_a4j 
*^A8#=  (Pi ,    P2  ;    P/^^  +  ^'^'  +  y^'^^y  +  S"^)^p^8(2Y  +  <5^)  (4y<y^  +  2y=  +  «5^), 
P^f^iY  +  <52)  (2/  -h  <J2)  4-  y5(3y<J»  +  y2  +«54p  ya-'(2y  +  S^)^  +  (SycJ^  +  y"  +  <5*)- 

In  order  that  A^  may  be  permutable  with  Pi  it  is  necess- 
ary that 

y2(j,  +  ^2)2  4.  j,^2  (2y  +  ^2)2  =  ij    (°^^^    ^) 

1  For  the  sake  of  brevity  the  above  sign  is  employed  for  the 
isomorphism. 
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•.'  d     or     2y  +  ^2     or     4:yd^  +  2y^  +  d^  =  0  (mod  p) 
(i)       6  =  0  •.•  7*  =  1  (mod  p) 

Supposing  7=1,  the  congruence  is  soluble  for  all  p.  If 
on  the  other  hand  7=—!,  this  congruence  lacks  solutions  for 
p=S  (mod  4),  which  consequently  gives  a  new  type^.  If  7 
belongs  to  the  exponent  4  (mod  p)^  then  ^  =  1  (mod  4).  The 
congruence  (1)  lacks  solutions  for  p  =  6  (mod  8).  The  two 
primitive  roots  give  isomorphic  types. 

(ii)       2y  +  d^  =  0  •.•  74  =  1  (mod  p) 

Supposing  7  =  1,  it  follows  that  —2  is  a  quadratic  remainder 
of  p  which  occurs  only  for  p  =  1  or  3  (mod  8).  The  congru- 
ence (1)  has  no  solutions  for  ^  =  3  (mod  8).  The  two  values  of  6 
give  isomorphic  types.  If  on  the  other  hand  7  =  — 1  p  =  +  1 
(mod  8)  is  necessary.  The  congruence  (1)  lacks  solutions  only 
for  p  =  —I  (mod  8).  The  two  roots  of  6^  =  2  (mod  p)  give 
only  one  distinct  type.  If  7  belongs  to  the  exponent  4  (mod  p) 
(52  =  2  7  (mod  p)  is  soluble  for  p  =  1  (mod  4),  for  which  ^-values 
the  congruence  (1)  is  soluble 

(Hi)       4:yd^  +  272  +  §4  ^  0    •••  74  =  -1  (mod  p) 

7  therefore  belongs  to  the  exponent  8  (mod  p),  wherefore 
p  =  1  (mod  8).     The  congruence  (1)  will  be  in  this  case 

a2 — So—y  =  0 
•.*  (2a— (5)2  =  S^  +  ^y,    which  has  solutions 

if  (^2  +  4^;)  2  ^1. 

From  (in)  we  get  62(47  +  ^2)  =  _2j,2  # 

'.'  (47  +  (52)  2  =  1       for  _p  =  1  (mod  8) 
Consequently  no  such  group  exists. 

1  If  we  suppose  ^  =  1  (mod  4)  these  defining  relations  give  a 
type  isomorphic  with  {A,  P^,  P2}  where  Ja  =  (Pj,  Pg;  Pi'',  P2"'). 
It  is,  however,  simplest  to  separate  these  types  below.  Similar 
conditions  can  be  proved  for  the  other  groups  belonging  here. 
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Suppose  now  that  A^^  is  the  lowest  power  of  A  which  is 
permutable  with  P^ 
If  A-^P,A9  =  P2 

it  follows  that       A-^^F^A^^  =  A-^P^A^  =  P^ 

and  thus  A^  is  permutable  with  P^Pi- 

Thus  we  get  A—^P^A^  =  P{~^,      whence  it  follows  that 

when  A-^P^A  =  P^     A-^P^A  =  P^^P^^ 

d{2y 

•.'  d     or     2y-\-d^     or     4:yd^  +  2/^  +  d^  =  0  {mod  p) 
(i)       6  =  0  '.'  y^  =  -l  (mod  p). 


[2y  +  ^2)  (4y^2  +  2j,2  +  ^4)  =  0  I 

(y  +  (52)2  +  yS2    (2y  +  ^2)2  =  -ij    ^^^      ^^ 


y  thus  belongs  to  the  exponent  8  (mod  p)  wherefore  p  =  l 
(mod  8).  The  congruence  (1)  is  irreducible  for  ^  =  9  (mod  16). 
The  four  primitive  roots  of  y^  =  1  give  isomorphic  types 

(ii)        2y  +  d^  =  0  •••    y4  =  _i   (mod  p) 

The   congruence  (1)  is  irreducible  for  ^  =  9  (mod  16),  but 
for  prime  numbers  of  this  form  ^2  =  _2y  has  no  solution 

(in)       4j/62  ^2y^  +  d^  =  0       '.'    y^  =  l  (mod  p) 

The  congruence  (1)  becomes  in  this  case 

a^—oS—y  =  0 
...  (2a-a)2  =  4y  +  52, 

which  is  irreducible  only  when  4y  +  ^2  ]§  ^  quadratic  non- 
remainder  of  p.     From  (Hi)  we  get 

^2(4/  +  (52)  =  -2y2 

Hence  it  follows  that 

p-i 
(4^  +  ^2)  2  =  _i  for  i?  =  5  or  7  (mod  8) 

Supposing  y  =  1,  we  get 

(52  +  2)2  =  2  (mod  p) 
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This  congruence  has  no  solutions  for  _p  =  15  (mod  16),  but 
has  four  solutions  for  p  =  1  (mod  16).  We  get  a  type  for 
which  Ja  =  {Pi,  i^2  5  Aj  ^1^2^)-  The  three  remaining  values 
of  d  give  groups  which  are  isomorphic  with  the  foregoing 
type.  To  show^  this  we  may,  e.  g.,  let  {Ay  P^,  P^)  be  gene- 
rated by  [A^  Pi,  P/P^i  +  ^^l,  {A^  P,,  P^-i}  or  {^11,  P,, 
P.-'P^. 


■l-«52 


If  on  the  other  hand  7  =  —  1,  we  obtain  for^  =  15  (mod  16) 
in    the   same  way  only  one  type  for  which  J"^  =  (P^,  P^\  Pg, 

Pr'PA 

As  y  belongs  to  the  exponent  4  (mod  ^),  it  is  necessary 
that  p  =  b  (mod  8),  for  which  ^-values  (6^  +  2yY  =  2y2  has  no 
solutions.     Consequently  there  is  no  group  belonging  here. 

^i6^V»^,  =  {4«  =  5^  =  1    AB  =  BA) 
E={A} 

^le/H  is  isomorphic  with  a  G2,  which  gives  (Page  9)  two 
types  for  which  J^  =  (P^,  P^;  P^-i,  P^ii). 

When  GiqIH  is  isomorphic  with  a  (rg  we  always  get  two 
distinct  types. 

H=[A^,  B)  V  Jj,  =  {P,y  P,;  Pr\  P,^') 

n={A^] 

0\ qIH  is  isomorphic  with  a  non-cyclic  6^4.  0^p2  =  {A,  Pi,P2} 
is  a  self-conjugate  sub-group  of  G^Qp^  where  Ja  =  (Pi,  P2I 
Pi^^,  P2~0  ^3-7  be  supposed  without  limitation.  Jb,  which 
is  a  general  isomorphism  of  order  2  to  Gp2,  must  be  pei-mut- 
able  with  J^. 

We  get  Js  =  (Pi,  P^;  Pl«^P^  P/P/) 

Because  Jg^  =  1  it  follows 

a^  +  hc  =  l       b(a  +  d)  =  0\.      ,     .  ... 

d^  +  he^l       c(a  +  ^^o|(^"^^)-     •     (') 
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Jx  =  (Pi,  P25  A*  Pg"^)  is  permutable  with  J5 
if  &  =  c  =  0 

Hence  it  follows  that        a^=d^=\ 

The  four  solutions  give  only  two  possible  values  for  J^.  The 
two  types  obtained  for  which  Jg  =  (P^ ,  Pg ;  Pi~^  P2'^0  ^.re 
distinct. 

J"^  =  (Pi,  P2';  Pi~S  P2~0  is  a  self-conjugate  operation  in 
the  whole  group  of  isomorphisms  of  Q^i.  Jb  can  thus  be  any 
isomorphism  when  a,  h,  c  and  d  satisfy  (2) 

The  congruences  (2)  give     a^  =  d^ 

(i)       a  =  d  '.'  2ah  =  2ac  =  0 

When   a  =  0  it  follows  that 

b  =  c  =  0 

'.'  a^=l,     which   gives  no   type 
belonging  here 

(ii)       a  =  —d  '.'    a^  -{-he  =  1 

Jb  transforms  two  sub-groups  of  order  p  of  Gp^  into  them- 
selves if 

o^—o(a  +  d) -{■  ad  —  be  =  0  (mod  p) 

is  reducible.  From  (ii)  we  get  o^  =  1,  and  consequently  we 
can  in  this  case  always  choose  two  generating  operations  of 
(}p2  so  that  Jb  transforms  the  one  into  itself  and  the  other 
into  its  inverse  operation.  A  change  in  the  generating  opera- 
tions of  Gp^  does  not  affect  J^,  because  this  isomorphism 
transforms  every  operation  in  Gp2  into  its  inverse.  In  this 
case  a  single  type  is  thus  obtained  which  is  isomorphic  with 
one  of  those  immediately  preceding. 

In  those  cases  of  the  continuation  when  G^^IJl  is  iso- 
morphic with  a  non-cychc  G^  the  method  of  procedure  when 
setting  up  the  types  to  be  investigated  is  the  same  as  in  the 
foregoing  example.     It  is  only  necessary  to  find  out  whether 
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the  three  types  are  distinct,  which  depends  on  the  possibility 
of  changing  the  generating  operations  of  O^q  and  Gp2. 

H=  [A^B] 

OIq/H  ^s  isomorphic  with  a  cyclic  O^.  In  Gqp2  =  { J.,  P^,  P^} 
Ja  must  be  an  isomorphism  of  order  4  of  Gp2.  It  has  been 
shown  previously  (P.  9)  that  for  p  =  1  (mod  4)  we  can  suppose 
Ja  =  (A,  -P25  A">  A*"')-  «  belongs  to  the  exponent  4  (modp). 
On  the  other  hand  if  jp  =  3  (mod  4)  then  J  a  =  (Pi ,  Pg ;  P2 ,  A"^)- 
J^  is  an  isomorphism  of  order  2  necessarily  identical  with  J^a; 
thus  five  distinct  types  are  obtained. 

When  OiQJB^  is  isomorphic  with  a  cyclic  G^  we  obtain 
five  types  w^hich  are  always  distinct. 

H=  {A\B] 

G^q/jI  is  isomorphic  with  a  cyclic  G^.  J  a  can  thus  be 
chosen  as  in  the  foregoing  case,  which  gives  five  new  distinct 
types. 

^XqIH  is  isomorphic  with  an  Abelian  G^  of  type  (2,  1). 
In  G^p2  =  (A,  Pj,  Pg)  the  generating  operations  of  Gp2  may 
be  chosen  so  that  J  a  =  (Pi,  Pg*,  Pi",  ^2"^)  ^^  for  J9  =  3  (mod  4). 
Ja  =  (Pi,  Pg*,  P2,  Pi~^)'  a  belongs  to  the  exponent  4  (mod  J9). 
J5,  which  is  an  isomorphism  of  order  2,  must  be  permutable 
with  J"^.     The  exponents  of  Jb  satisfy  (2). 

J  A  =  (Pi ,  P2 ;  Pi"*,  P2"*^)  is  permutable  with  Jb 
if  haia"--^  -  1)  =  ca(a^-i  -  1)  =  mod  p) 

When  r  =[=  1  is  h  =  c  =  0 

'.-  a^  =  (P=  1. 

Only  three  types  are  obtained  for  which 

Ja  =  (Pi,  P2;  Pi«,  P2)  Jb  ^  (A,  A;  A^S  ^2-') 

or     Ja  =  (Pi,  P2;  Pi«,  P2«^)       Jb  =  (A,  A;  A-^  ^^2) 

When  r  =  1,  J^  is  an  operation  self-conjugate  in  the  whole 
group  of  isomorphisms  of  Gp2,    For  all  Jb  we  can  choose  new 
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generating  operations  of  G^^a,  so  that  B  transforms  one  opera- 
tion into  itself  and  the  other  into  its  inverse  operation.  J^  is 
unchanged  by  this.  Thus  only  one  distinct  type  is  obtained, 
which  in  this  case  is  isomorphic  with  the  preceding  one. 

If  i?  =  3  (mod  4)  and  J  a  =  (Pj,  PgJ  ^2*  Pi"0»  it  is  proved 
that,  except  Ja.%  and  the  identical  isomorphism,  there  is  no 
isomorphism  permutable  with  Jj^  whose  exponents  satisfy  the 
congruences  (2).  Of  the  seven  groups  obtained  there  are  con- 
sequently in  this  case  only  three  distinct  ones. 

When  Giq/H  is  isomorphic  with  an  Abelian  G^  of  type 
(2,  1),  the  method  of  investigation  is  similar  to  that  in  the 
foregoing  example.  Seven  groups  are  always  obtained  and 
it  thus  remains  to  be  discovered  whether  they  are  distinct 
or  not,  which  depends  on  the  possibility  of  changing  the  ge- 
nerating operations  of  G^q  and  Gp2. 

^le/H  is  isomorphic  with  a  cyclic  G^.  In  G^p^  =  (J.,  P^,  Pg) 
Ja  must  be  an  isomorphism  of  order  8.  It  has  been  previously 
shown  (P.  9,  10)  that  we  can  suppose 

J^A  =  (Pi ,  P2 ;  Pi ,  P2''')  «  belongs  to  exp.  8  (mod  p  =81c-\-l) 

Ja  =  (Pi ,  P2 ;  P2 ,  PiO  y  belongs  to  exp.  4  (mod  ^  =  8^  +  5) 

Ja  =  (Pi,P2;P2»PiP2'^)         S^=-2  (mod  p  =  Sk ■{■  S)  or 

Ja  =  (Pi,  Pi\P^,P{-^P^^)      6^  =  2  (mod  p  =  Sk  +  l) 

Jb    is    the    identical    isomorphism  and  11  types  are  obtained. 

In  G^pi  =  {A,  Pj,  P2}  J  A  can  be  chosen  as  any  one  of  the 
11  preceding  isomorphisms  of  order  8  to  Gpi.  Jjg,  which  is  a 
general  isomorphism  of  order  2,  must  be  permutable  with  Ja- 
The  exponents  of  Jb  satisfy  (2). 

Ja  =  Pi,  P2;  Pi"»  P^"^)  is  permutable  vith  Jb 
if  laia^--^  -  1)  =  caia"-^  -  1)  =  0  (mod  p) 

When  r=t=lis  6=c=0 
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Only  4  distinct  types  are  obtained  for  which 

Ja  =  (Pi,  A;  A^  A)  Jb  =  (A,  A;  A,  ^"0 
^A  =  (A,  ^2;  A",  ^2")  ^5  =  (A,  A;  A,  A-O 
Ja  =  (Pi,  P2;  A^  A"')       ^5  =  (A,  ^2;  A-s  ^2) 

or     J^  =  (A,  P,;  P,«,  P2«^)         J^  =  (Pi,  P,;  P^S  P2) 

Ja  =  (Pj,  Pg-,  Pi°,  P2")  is  a  self -conjugate  operation  in  the 
group  of  isomorphisms  of  Gp2.  The  solutions  of  the  congru- 
ences (2)  give  only  one  type  isomorphic  with  the  preceding  one. 

Ja  =  {P^,  Pg*,  P2,  P/)  is  permutable  w^ith  Jb 
if  a  =  d     c  =  by  (mod  p) 

The  congruences  (2)  give 
(i)       a  =  0  '.'  he  =  1 

'.'  b^  =  y^,    which    has    no   solutions 
for  p  =  b  (mod  8) 

(ii)       6  =  0  •,'  a^  =  1   which  does  not  give  any 

group  belonging  here. 

Ja  =  (Pi,  P2;  P2,  PiP^^)  ^s  permutable  with  Jb 
if  h  =  c         d=  a  +  bd  (mod  p) 

The  congruences  (2)  give 
(i)      a  =  d  •••  2ab  =  0 

When  a  e|e  0  then  is  6  =  0 

•.•  a  =  d  =  +  1,    which    gives    an    iso- 
morphism identical  with  Ja* 
{ii)       a  =  —d  '.'   —2a  =  bd 

4:a^  =  ¥6"  but  since  ^2  ^  _2 

we  get  a^  =  —1 

This  congruence  is  not  soluble  for  ^  =  3  (mod  8) 

J  A  =  (Pi,  J*2J  A'  A~^AO  is  permutable  with  J^ 
if  b  -\-c  =  0       d  =  a  +  bd  (mod  i?). 
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The  congruences  (2)  give 

(i)       a  =  d  •/  2ab  =  0 

When  a  ^  0  then  is  &  =  0 

•.•  a=i  d=  ±_  1,    which    gives    an    iso- 
morphism identical  with  J a*^ 

(ii)       a  =  —  d  '.-  —2a  =  bd 

4a2  =  62(52  but  since  ^2  =  2 
we  get  a'^  =  —  1 

This  congruence  has  no  solution  ior  p  =  7  (mod  8) 

H=  {A,  B^}.     Two  types. 
H  =  {A}.  Five  types. 

H=  {A\  52} 

G^  Ijg;  is  isomorphic  with  a  non-cyclic  (x^,  which  here  gives 
only  one  type  for  which 

Ja  =  (A,  A;  A>  A-0     ^is  =  (Pi,  P2;  A-^  P2-0 
ir={52} 

G^  Iff  is  isomorphic  with  an  Abelian  G^  of  type  (2,  1).  Of 
the  seven  types  only  two  are  here  distinct,  viz. 

Ja  -=  (A,  A;  Pl^  A)        ^5  =  (A,  A;  A,  ^2"^) 

or       J^  =  (A,  P^;  Pa  A^^)         Jb  =  (A,  A;  A,  ^"0 

G^p2  =  {A,  P2^  p^^  Pg}  jg  a  self-conjugate  sub-group  of  G^^p-.. 
The  isoMiorpliisms  Ja  and  J^s  are  permutable  and  of  order  4 
and  2  respectively.    We  can  suppose 

J  A  =  (Pi,  A;  Pl^  A^O     Jb=  =  (A,  P,;  Pi±s  A-^) 

J^  =  (A,  P,;  P,«,  P,«^)        e/^^  =  (P„  P^;  A^S  ATI) 
or  Ja  =  (A,  P^;  A«,  A«)         J^  =  (A,  A;  A,      A-^ 
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Jb  is  a  general  isomorphism  of  order  4  which  is  permutable 
with  Ja»  and  J%  is  in  every  particular  case  identical  with  J^t 

Jji  =  (Pi,  P^;  Pi«,  Pg"*^  is  permutable  with  Jb 
if  haia"--^  —  1)  =  ca(a^-i  — 1)  =  0  (mod  p) 

(i)       r  =  0  '.'  h  =  c  =  0 

Hence  it  follows  that  a^  =  ±  I     d^  =  —  1 

These   8  groups  are  all  isomorphic  and  only  one  type  is  ob- 
tained for  which 

Jj^  =  (A,  F,;  Pa  F,)      Jb  =  (A,  F,;  P^,  P^^) 
(m)       r  =  1 

Ja  is  a  self-conjugate  operation  in  the  group  of  isomorphisms 
of  Gp2.     The  exponents  of  Jb  satisfy 
a^  +  bc  =  l 
d^  +  hc  =  - 

'.'  a  +  d^O      h  =  c  =  0 
•.•  a2  =  1       d^  =  -l 


Ha-^d)  =  0] 
1      c(a4-^)^or^^^^> 


The  4  groups  are  isomorphic  with  the  preceding  ones 

(Hi)       r  =  2  '.'  h  =  c  =  0 

Hence  follows  a^  =  ±  1       d^  =  -  1 

The  groups  isomorphic  with  the  preceding  ones 

{iv)     r  =  0  \'  b  =  c  =  0 

Hence  it  follows  that 

a^  =  l      d^  =  -l     or     a^  =  -l      d^  =  1 
The  groups  isomorphic  with  the  preceding  ones 


=  B^  =  0  =  1  AB  =  BA\ 


^^P'lGp.    I  AC=CA      BC=  CB 


H=  [A\  P,  C)  or  {A,  B).     Four  types. 

H=  {A}  or  {A\  B} 
(t*   IJI  is  isomorphic  with  a  non-cyclic  G^.     We  obtain  three 
types  for  which 
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Jb  =  (Pi,  P,;  A;  Pro     «/c  =  (Pi,  A;  Pl-^  p,-o 
J^  =  (P„  A;  A,  P,-i)     Jc  =  (A,  A;  PrS  P^^O 

H=  {B,  C].    Five  types. 

^\JH  is  isomorphic  with  an  Abelian  G^  of  type  (1,  1,  1).  In 
G^p2  =  {By  Cy  Pj,  Pg),  which  is  a  self -conjugate  sub-group  of 
^i6p-*  we  can  suppose 

Jb  =  (Pi,  A;  Pi,  P,-0       e7c  =  P,,  P^;  P,-^  P^-^. 
J^  is  always  permutable  wit  Jc  and  also  with  Jb 
if  ?/  =  c  =  0 

Hence  it  follows  that        a^  =  d^  =  1 

J  A  is  thus  an  isomorphism  in  the  group  {Jb,  Jc]  •  The  group 
of  isomorphisms  of  Op2  thus  contains  no  sub-group  isomorphic 
with  an  Abelian  G^  of  type  (1,  1,  1). 

^\JH  is  isomorphic  with  an  Abelian  G^,  of  type  (2,  1).  Two 
types  are  obtained  for  which 

Ji  =  (A,  A;  Pi«,  P,)       Jc  =  (Pi,  P^;  Pi,  Pr') 
or       J  A  =  (Pi,  P,;  Pi«,  A^^)     *7e  =  (Pi,  P2;  Pi,  P2-') 

H=E 
Since  (r*  contains  an  Abelian  sub-group  G^  of  type  (1,  1,  1) 
and  since  no  operation  in  G^q  is  permutable  with  every  ope- 
ration in  Gp2,  the  group  of  isomorphisms  of  Gp^  should  contain 
a  sub-group  isomorphic  with  a  similar  Abelian  G^,  It  has 
been  previously  shown  that  this  is  not  the  case.  Consequently 
there  is  no  such  group  belonging  here. 

a  {A^  =  B^  =  C^  =  n^  =  l      AB  =  BA     AC=CA] 

'   ^'      {AD^DA     BC=CB     BD  ^  I)B    CD  =  DC] 

H={A,  P,  C\,     Two  types. 
H=^[A,  B] 


G^  IJI  is  isomorphic  with  a  non-cjclic  O^  and  we  get  a  type 

16'     ,  .    -, 

for  which 

Jc  =  (P.,  p.;  Pi,  P^-i)      Jd  =  (Pi,  P^;  Pi-,  Pro 

G^    ijl  is  isomorphic  with  an  Abelian  G^  of  type  (111).    Con- 
sequently there  is  no  group  belonging  here. 

R=E 

Gives    no    group    because    G^      contains    an    Abelian    G^    of 
type  (1,  1,  1). 

0,,p^lG,.  =  {AB  =  ^2  ^  1      B--AB  =  A'} 

ir=  {A}  or  {J.2,  B}.  Four  types. 

H=  {A\  B}  or  {BA^}.     Ten  types. 

h:={a^} 

G^   Iff  is  isomorphic    with  a  non-cyclic  G^^  which  gives  two 
types  for  which 

j^  =  (Pi,  A;  A,  A-')     Jb  =  (A,  P2;  A-s  A^O 

G^  IJl  is  isomorphic  with  an  Abelian  G^  of  type  (2,  1).     Of 

1  6' 

the  seven  groups  only  three  are  distinct,  viz. 

J  A  =  (A,  A;  A^  ^^2)       Jb  =  (A,  A;  A^s  A-^ 

or     J^  =  (A,  P^;  Pi«,  P2«^)       Js  =  (P„  A;  Pi,  P2-O 

H=E 
In  ^8p2  =  {^j  -^i>  -f*2}'  which  is  a  self -conjugate  sub-group  of 
GiQp2,  J  A  is  an  isomorphism  of  order  8.  There  are  (P.  9,  10)  11 
of  these  which  cannot  be  transformed  into  each  other  by  vary- 
ing the  generating  operations  of  {A}  and  Gp-..  Jb  is  an  iso- 
morphism of  order  2.  The  exponents  satisfy  the  congruence  (2). 
The  isomorphisms  Ja  and  Jb  must  also  satisfy 

JaJb  =  JbJ^a^ (3) 

J  A  =  (Pi,  P2;  Pi«,  P2«'")  and  Jb  satisfy  (3) 
if  a(a^  -a)  =  b(a^^  -a)  =  0] 

C(a5-a0^^(a--a0^0^"^^^^> 
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(i)       rE^5  (mod  8)  \'  h  =  c  =  0 

This    does    not  give  any  isomorphism  of  (r^a,  since  a  =  0  for 

every  value  of  r. 

(ii)      r  =  5  '.'    d  =  0 

From  (2)  we  get  be  =  1  (mod  p) 

The  solutions  give  isomorphic  groups.  In  order  to  show  this 
the  generating  operations  of  Gp2  are  varied.  The  sub-groups 
{Pj}  and  {Pg}  are  the  only  ones  which  are  self-conjugate  when 
transformed  by  A 


•.•  0,  =  A-       0,  =  P,y 

Since 

Jb  =  (0„  0,;  0,\  O.'i) 

we  get 

•.•  x  =  'b^c^ij. 

Thus  we  can  always  find  x  and  tj,  so  that  the  two  types  be- 
come isomorphic  and  consequently  all  the  groups  are  iso- 
morphic with   {A,  P,  Pj,  Pg}  for  which 

Ja  =  (Pi,  P2;  Pa  Pa''^)       Jb  =  (Pi,  P2;  P2,  Pi) 

J  A  =  (Pi,  P2;  P2,  PiO  and  e/s  satisfy  (3) 

if  •  c  +  hy  =  a-{-d  =  0  (mod  ^) 

The  congruences  (2)  give 

a2  —  h^y=i  (mod  i?) 

The  solutions  of  this  congruence  give  isomorphic  groups.  It 
is  only  by  varying  the  generating  operations  for  Gp^  that  we 
can  transform  one  group,  e.  g.,  the  one  corresponding  to  a  =  1 
b  =  0  into  any  other  particular  group.    We  choose,  e.  g., 

which  operations  generate  Gp2,  provided  that  x^y^  —  ^iifi  N=  ^ 
(mod  p). 
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In  order  that  J  a  -  (0^ ,  O2 ;  Og,  O^y),  it  is  necessary  that 
a?!  —  2/2  =  a;2  —  yyt  =  0    (mod  i?) 

eTg  =  (Oi ,    O2 ;    Oi'^'Og^s   O/iOg-^O    is    the    corresponding    iso- 
morphism of  a^^  —  ^i^j,  =  1 


ic,6  +  (ai  +  1)  ?/,  =  oj  ' 


These    two    congruences    always    have    solutions    for    which 
moreover 

x^^  —  72/^2  e|e  0     (mod  p) 

We  obtain  a  single  type  for  which 

Ja  =  {Pi.  P2;  A>  -P/)     ^5  =  (Pi,  P2;  A,  i's-') 

Ja  =  {Pi.  P2;  A,  A-^2')  and  J^  satisfy  (3) 
if  b  +  c  =  a  +  bd-\-d=0\ 

•/  d  =  0       d{b-c)  =  0 
Hence  it  follows  that  b  =  c  =  0 

Consequently  no  such  isomorphism  exists  ^ 
Ja=={Pi,  P2;  ^2,  A-'AO  and  Js  satisfy  (3) 
if  b  —  c  =  a  +  d  +  bd  =  0] 

a  +  d-cS^b-c  +  2dS^0J^'^'^^^ 
'.'  d  =  0       b  +  e  =  0 
Hence  it  follows  that  b  =  c  =  0 

Consequently  no  such  isomorphism  exists  ^ 

16^76^^2  =  1  AC  =  CA      BC=CB  J 

S'={C,  A),  {JIC,  B]  or  {AC,  5C}.     Six  types. 
H={C},  [AC]  or  {A,  (72} 


1  This  is  according  to  the  footnote  (Page  10). 
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G'  Iff  is  isomorphic  with  a  non-cyclic  0^.  We  obtain  six 
types  for  which 

Ji  =  (P. ,  Pi, ;  Pi ,  Pj-i)  J«  =  (P, ,  Pj ;  Pc\  Pr ') 

J^  =  Jc  =  (P„  Ps,;  Pi,  P,-»)  Jb  =  (Pi,  Pj;  Pr',  P,±») 

Ja='Jc=(Pi,  p,;  p.-',  p,-')  Jb  =  (P.,  Pi,;  PrS  P,) 

or      /b  =  (P.,  Pj;  PrS  Pii)  ^c=  (Pi.  Ps;  P,±',  Pj-') 

(r^  Iff  is  isomorphic  with  an  Abelian  G^  of  type  (111).  It 
has  been  previously  shown  that  in  such  cases  there  is  no 
group 

H  =  E 

G^p9=  {Cy  By  Pj^y  P^}  is  a  self-conjugate  sub-group  of  G^^p-^ 
Since  {C,  B]  is  an  Abelian  G^  of  type  (2,  1),  we  obtain,  as 
before  (P.  14),  the  7  possible  types  G^pi.  If  A  and  (7  are 
retained  as  generating  operations  and  B  is  exchanged  for 
BC^,  it  is  plain  that  three  of  these  can  be  excluded. 

•.•  G^p.=  {Cy  By  Pi,  P^}y  for  which 

Jc  =  (P,,  P,\  Pa  p,-')   Jb  =  {Pi.  A;  A,  A-') 

J,i  is  an  isomorphism  of  order  2.     The  exponents  thus  satisfy 
the  congruences  (2). 
Necessary  conditions: 

JbJa  =  J^aJbJct- (4) 

*^aJc  =  JqJa 
The  relation  (4)  is  satisfied  provided  that 


a(a^  -  1)  =  c(a2  -H)  =  0 1 
&(a2^+l)^^(a2r_l)  =  or^^^^> 


{i)       r=0,  2     (mod  4) 

•.*  a  =  6  =  0,  which  does  not  give  any 
isomorphism  of  G^pi 

1  It  is  also  easy  to  prove  this  directly.  The  central  of  (rjg 
is  [C].  Neither  Jb  nor  Jbc*  can  thus  be  an  isomorphism  self-con- 
jugate in  the  group  of  isomorphisms  of  Gpt. 
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{ii)       r=l,  3  '.'  a  =  d  =  0 

The  congruences  (2)  give 

hc=l  (mod  p) 

The  isomorphisms  Jc  and  Ja  are  permutable  only  for  r=l. 
The  solutions  give  isomorphic  types.  The  only  sub-groups 
in  Gp2  which  are  self-conjugate  when  transformed  by  B  are 
{Pj}  and  {P2}'     ^®  must  therefore  choose 

0,  =  Pf,  0,  ^P^y 

This  choice  of  new  operations  does  not  alter  the  type  of  Jc- 
The  exponents  x  and  y  can  afterwards  be  determined  in  the 
manner  required.     We  get  a  single  type  for  which 

Ja  =  (P,.  P2;  A,  A)  Jb  =  {P,,  P2',  A,  P2-')  Jc=(Pi,  A; 
P^^  A") 

H  =  {A,  B^}  or  {5,  A2}.     Four  types. 

H=  {A}.     Five  types. 

H={A^,  B^} 
O^   ij£  is   isomorphic  with  a  non-cyclic  O^,  which  gives  two 
types  for  which 

JA  =  (P^,  P,\  P^-\  P2^')         Jb  =  {P,.  P2;  A,  P.-^) 

H=[A^} 
G^   /JJ  is  isomorphic  with  an  Abelian  Gg  of  type  (2,  1).     Of 
the  seven  groups  only  two  are  distmct,  viz. 

Jb  =  (P^,  P2;  PA  ^2°*'^)        JA  =  {P^.  P,\  A.  A-^) 

H={B^} 
G^  IJ£  is   isomorphic   with    a   dihedral  group.     In  G^p2  =  [Ay 
Pi,  P2},  which  is  a  self-conjugate  sub-group  of  G^^pt,  we  can 
suppose 
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J^  =  (Pi,  P^;  Pi«,  P^-")  a4  =  1  (mod  p) 

or  J^  =  (Pi,  Pg;  P2,  Pr^)  1>  =  3  (mod  4) 

Jb  is  an  isomorphism  of  order  2  which  besides  the  congru- 
ences (2)  satisfies 

JaJb  =  JbJ.4?        (5) 

J^  =  (Pi,  P^;  Pi«,  P^"^)  and  Jb  satisfy  (5) 
if  a(a3  —  a)  =  c(a3  —  aO  =  0 1 

6(a3^-a)^^(a3^-a0^0j   (°^"^^> 

(i)       r  =  0,  1  or  2  (mod  4) 

•.•  a  =  h^c  =  0     which    does  not  give 
any  isomorphism  of  Gpt 

(ii)       r=3  '.'  a  =  d  =  0 

The  congruences  (2)  give 

&c  =  1  (mod  p) 

The  solutions  of  this  congruence  give  isomorphic  types.  We 
get  {A,  B,  Pj,  P2}  for  which 

Ja  =  {P,,  P2;  A^  ^^2^^')    Jb  =  (P,,  P2;  A>  A) 

Ja=^{Pi,  P2;  ^2,  A-')  and  J^  satisfy  (5) 

if  b  —  c  =  0       a -h  d  =  0  (mod  p) 

The  congruences  (2)  give 

a^  +  h^  =  l 

The  solutions  of  this  congruence  give  isomorphic  types  and 
we  obtain  a  single  type  for  which 

Ja  =  {p,,  P2;  P2.  Pr')      Jb  =  (P,.  p,\  Pi,  P2-^)^ 

When  GiqIJ£  is  isomorphic  with  a  dihedral  group  the  pro- 
cedure in  setting  up  the  groups  to  be  investigated  is  the 
same    as    in   the    foregoing    example.     The   type  of  G^q  does 


^   These   defining   relations  of  course  give  the  immediately  pre- 
ceding type  if  we  suppose  p  =  1  (mod  4). 


26 

not  affect  the  number  of  groups,  since  we  need  only  alter 
the  generating  operations  of  Gp-.. 

(t®  IJl  is  isomorphic  with  the  quaternion-group.  In  (r4^8  = 
[A,  Pi,  P2}    we  can  suppose  Ja  =  (P^,  Pg;  Pi",  P^'"'')  or  (P^, 

Jb  is  an  isomorphism  of  order  4  which  satisfies 

JaJb  =  JbJa^ (6) 

Jji  =  J^a (7) 

J^  =  (Pi,  P^;  Pi«,  P^"^)  satisfies  (6) 
if  r  =  0  (mod  4)       a  =  c?  =  0  (mod  p) 

E-elation  (7)  gives  hc  =  —l  (mod  p) 

We  obtain  a  single  type  for  which 

Ja-(P„  P2;  Pi«,  A°^)     J^  =  (Pi,  A;  ^2,  A-^) 

Ja  =  {Pi,  P2;  a,  A-^)  and  Jj5  satisfy  (6) 

if  b  —  c  =  0     a+d  =  0  (mod  ^) 

Relation  (7)  gives  a^  -{-b^^—l  (mod  ^) 

"We  obtain  a  single  type  for  which 

Ja  =  (p^,  p,\  P2,  Pr^)     Jb  =  {p,,  P2;  Pl^A^  Pi'^2-^)^ 

When  Giq/J£  is  isomorphic  with  the  quaternion-group  the  me- 
thod of  procedure  when  setting  up  the  groups  to  be  investi- 
gated is  the  same  as  in  the  foregoing  example.  The  type  of 
GiQ  does  not  affect  the  number  of  groups,  as  it  is  only  ne- 
cessary to  vary  the  generating  operations  of  Gp^. 

H  =  E 

GQpi=  {A,  B^,  Pj,  P2}  is  a  self-conjugate  sub-group  of  G^igps 
Since  {A,  B^}  is  an  Abelian  G^  of  type  (2,  1),  we  get  seven 
6?8p2  (P.  15).     If    B   is    retained,    G^      can    be   generated   by 

^  These  defining  relations  of  course  give  the  immediately  prece- 
ding type  if  we  suppose  ^  =  1  (mod  4). 


27 

Ai  =  A,    A^,    AB^    or  A^B^,  which  shows  that  three  of  these 
can  be  excluded 

•.•  (?8^.  =  {A,  B^,  Pi,  Pg},  for  which 

Ja  =  (P^.  p,;  Pi«,  Pa)  J^  =  (Pi,  P^;  Pi^^  P2-') 
or  J^  =  (Pi,  P,;  Pi",  Pa-')  Jb.  =  (Pi,  A;  Pi^\  Pi^') 
Jb  is  an  isomorphism  of  order  4  which  satisfies 

JaJb  —  JbJa^ 

(/)       r  =  0  (mod  4)       *.*  a  =  &  =  c  =  0  (mod  ^),  which  does  not 
give  any  isomorphism  of  Q'pt 

ill)       r~Z  \-  a  =  d  =  0 

The    exponents  b  and  c  of  Jb  must  then  satisfy  at  the  same 
time  hc=  +  1,  which  is  impossible  when  p  is  odd. 

g  _^A^  =  B^  =  0  =  1        B-^AB  =  A^\ 

''^yO,.-^  ^C^CB      AC=^CA  j 

H={A\  P,  C},  {^,  C}  or  {^  P}.     Six  types. 

H={Al  {A^  B}  or  [A\  C] 
G*   /£■  is   isomorphic    with  a  non-cycUc  O^.     We  obtain   six 
types  for  which 

Jc  =  (P^.  P,;  P,±>,  Pr')    Jb  =  (Pi,  p^;  Pr\  p^) 
J  J.  =  (P. ,  P,;P„  p,-')      Jc  =  (Pi ,  Pi> ;  Pi-\  P8±>) 
Jx  =  (P,,  P^;  P,±',  Pr')   J'b  =  (Pi,  p^;  p.-',  P2) 

H=  {An 

^^n/H  is   isomorphic    with    an  Abelian  (rg  of  type  (1,   1,  1). 
Thus  there  is  no  group  belonging  here. 

H=IC} 
^iJH  is    isomorphic    with    a   dihedral  group.     As  was  pre- 
viously shown,  there  exists  for  all  p  a  type  for  which 

Ja  =  (Pi,  P2;  P2,  Pr')     Jb  =  (Pi,  P2;  Pi,  P2-') 
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This    is    not    possible,    since  O^     contains   an   Abelian  O^  of 
type  (1,  1,  1) 


i6pVG^^3-<[  aC=CA       BC^GB 


H=[A\  B,  C}  or  {A,  C}.     Four  types. 
B  =  {A^  C} 

0^^/jj   is  isomorphic  with  a  non-cyclic  6^4,  which  gives  two 
types  for  which 

Ja  =  {P„  P,\  Pi,  P^-i)       Jb  =  (B,,  P,;  P,-\  P^^') 
H=  {B,  C).     Five  types. 

O^^jH.    is    isomorphic  with  an  dihedral  group.     We  obtain  a 
single  type  for  which 

J  A  =  (Pi ,  P, ;  P,-\  Pr')     Jb  =  (Pi ,  P2 ;  Pi ,  P2-1) 
Ja  =  (Pi,  P,;  P,-\  P,-') 

G^^/S  is  isomorphic  with  an  Abelian  G^  of  type  (2,  1).    "We 
obtain  two  types  for  which 

Ja  =  {Pi,  P2;  PA  P2"*'')       Jb  =  (Pi,  P2;  Pi,  P2-') 

This    is    impossible,    since    G^^    contains    an    Abelian    G^    of 
type  (1,  1,  1). 


^  (A^  =  B^  =  C^  =  1 


=  1  A2  =  J52  5-U5  =  A' 
CA    BC=CB 


H={A,  C}  or  {A,  B}.     Four  types. 

H  =  {A}  or  {A2,  G} 
G^^/ff  is  isomorphic  with  a  non-cyclic  6^4.     We  obtain  thre& 
types  for  which 
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Jb  =  (Pi ,  P, ;  Pi ,  P,-0     Jc  =  (Pi ,  P2 ;  Pl-^  Pa^^) 
jr,  =  (Pi,  P,;  A,  P,-i)      J5  =  (Pi,  P,;  Pr\  A) 

O^^/H  is  isomorphic  with  an  Abelian  G^g  of  type  (1,  1,  1). 
Thus  there  is  no  group  belonging  here. 

O^^/ff  is  isomorphic  with  the  quaternion- group.  We  obtain 
a  smgle  type  for  which 

JA  =  iPi,    P^2\    P2,    Pi"')  Jb  =  {Pu    P2;    Pl^P2',    Pl'Pg-^) 

In  G^p'i={A,  B,  Pi,  Pg},  which  is  a  self-conjugate  sub-group 
of  6?i(j^8,  we  can  choose  J  a  and  Jb  for  every  value  of  j?  as  in 
the  preceding  type.  The  exponents  a  and  h  are  a  fixed  solu- 
tion of  a2  +  &2  =  _  1  (mod  p) 

Jc=(Pi,  P2;  Pi^'Pa'^S  F^^^-P.^y^)    is   an  isomorphism  of  order 
2  which  is  permutable  with  J^ 

if  2/1  +  a;2  =  a;i  —  ?/2  =  0  (mod  p) 

For  ^;  =  1  (mod  4)  this  gives  an  isomorphism  which  is  not 
permutable  with  Jb 

{ii)       yi  =  0  '.'  x^  =  1,  which  does  not  give  any 

group  belonging  here 

£[=  {A}  or  {A^,  B],     Four  types. 

H=IA^] 

^11/ H  is  isomorphic  with  a  non-cyclic  G^.  We  get  two  ty- 
pes for  which 

Ja  =  {P,.  P,\  Pi±i,  P2-^)        J^  =  (Pi,  P2;  Pl-^  P2) 
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G^^/Jff  is  isomorphic  with  a  dihedral  group.    We  get  a  single 
type  for  which 

Ja  =  {p^,  A;  P2,  Pr')     Jb  =  (Pi,  P2;  Pi.  P2-') 

We  can  suppose  for  every  ^-value  that  in  G^pi  =  {A^,  B,  P^,  P^l 

Ja^  =  (P,,  P^;  P2,  Pi-i)  and  Jb  =  {Pi.  P^:  Pi,  Pg"^) 
J  A  is  a  general  isomorphism  of  order  8  which  satisfies 

JaJb  =  JbJa! (8> 

JI  =  Ja^ (9) 

J  A  satisfies  (8)  if 

a  +  c  =  &  —  ^  =  0  (mod  p) 

From  (9)  we  get  —  c  =  a  =  b  =  d 

'.'  2c^  =  l,     which    is    soluble    for 
p=±l  (mod  8) 

The  two  solutions  give  a  distinct  type  for  which 

Ja  =  (p,,  P2;  Pi^P2S  Pr^AO     Jb  =  (Pu  P2;  Pi,  P2-') 

^lepyo^,  =  [A^  =  B^  =  1     B-^AB  =  A3 } 

H=[A],  [A^,  B]  or  {A\  BA].     Six  types. 

H=[A^} 
G^^lff  is    isomorphic    with    a   non-cyclic    (r^.     We  get  three 
types  for  which 

JA  =  (Pr.   P2;  Pi,  P2-')  JB  =  iPi,  P2;  Pr\  P2^') 

or       JA  =  {P^,  P2;  Pr\  P2-')       Jb  =  (Pi,  P2;  Pi,  P2-') 

H=[A^} 
G^^IH  is  isomorphic  with  a  dihedral  group.    We  get  a  single 

1 6'  , 

type  for  which 

Ja^{p^.  P2;  P2,  A-')     ^^  =  (Pi,  A;  A,  ^2- 
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We   can    suppose  for  every  value  of  p  that  in  O^pi  =  {A^,  B, 
-Pi,  Al 

Ji.  =  (P,,  P,;  P.,  PrO  and  J^  =  (Pi,  P^;  A,  P,"') 

J^  is  a  general  isomorphism  of  order  8  which  satisfies 

JaJb  =  JbJa^ (10) 

JI-^Ja (11) 

J  A  satisfies  (10)  if 

a  —  c  =  h-\-  d  =  0  (mod  p) 

From  (11)  we  get  a  =  —  h  =  c  =  d 

'.'   2c2  =  —  I,     which    is    soluble    for 
i>  =  l,  3  (mod  8) 

The  two  solutions  give  a  distinct  type  for  which 

Jx  =  (P,,  P,;  P,<^P^-\  P,^P,^)       Jb  =  {P^,  P2;  Pi,  P,-') 

^^^p'lGp.  =  { A8  =  ^^  =  1     A*  =  B^    B-^AB  =  ^7 } 

H={A\  or  {^2,  B).     Four  types. 

H={A^] 
G^^/ff  is  isomorphic  with  a  non-cyclic  G^,     We  get  two  ty- 
pes for  which 

Ja  =  {P,,  P,;  P^ii,  P2-I)       Jb  =  (Pi,  A;  Pr^  A) 

G^^/ff  is  isomorphic  with  a  dihedral  group.   We  get  a  single 
type  for  which 

Ja  =  (Pi.  p,;  p,;  PrO     ^i>'  =  (Pi,  A;  A,  p^-') 

We    can  suppose  for  every  value  of  p  that  in  G^j,t  =  {A^^  B, 

.7.4,  =  (P,,  P,;  P„  P,->)    ./i!  =  (P,,  P,;  P.'-PA  P/'P,-") 
The    exponents    a   and  6  are  a  fixed  solution  of  a^  +  b-  =  —  I 
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Ja  =  (Pij  P2;  -Pi^*-P2^S  Pi^^p^z/s)  is  an  isomorphism  of  order  8 
which  satisfies 

J  A  -  Ja^ 

From  these  relations  we  get 

Xj^  =  yi  =  —  X2  =  2/2  2x^2  =  1  (mod  p) 

We  obtain  for  p=  +  1  (mod  8)  a  single  type  for  which 

Ja  =  (p,,  p,;  p,«^s  p^^s  Pr'^'P,^^)  Jb  =  (Pi,  P2;  -Pl^P2^  A'A-'^) 

lY. 

Those  Oi6p2  which  have  a  self -conjugate  G^ie  and 
more  than  one  Gp^. 

If  the  operations  in  Q-^q  are  transformed  with  the  opera- 
tions in  Gp2  the  same  operations  are  obtained  in  another  or- 
der. Every  operation  in  Gp2  thus  corresponds  to  an  isomor- 
phism of  (ti6  and  the  group  of  isomorphisms  of  the  latter 
must  contain  a  sub-group  of  order  p  at  least.  Gp%  would 
otherwise  be  self -conjugate  in  G^Qp2.  Groups  belonging  here 
can  thus  exist  only  for  G^^  (r  =  3,  4,  5,  7,  11) 

(i)       Gpi  non-cyclic 

r  =\=  5  -,'  p  =  S 

Every  operation  in  a  sub-group  Gp,  e.  g.  {Pg},  is  permutable 
with  every  operation  in  G^q.  The  groups  sought  are  thus 
obtained  as  the  direct  product  of  the  corresponding  Gj^q,^^ 
and  a  cyclic  G^.  We  obtain  four  types  with  the  following 
defining  relations 

{(73g,  G,}  for  which  Jp^  =  (A  B  A^B^) 

{(^^g,  G^}  for  which  Jp,  =  (A)  (B  C  BC) 

1  Levavasseur,  Les  groups  d'ordre  16 p.  Toulouse  Ann.  Vol. 
6  (1903). 


83 

{(?7   ^  (7^}  for  which  Jp,  =  (C)  (A  B  ABC) 
{(3^1 1,  G^g}  for  which  Jp=(C)  (A  B  AB) 

1  6 

r  =  5  •••  ^  =  3,  5  or  7 

^1625  ^^^  ^1649  ^^®  obtained  as  the  direct  product  of  the 
corresponding  G^^p  and  a  cyclic  Gp.     Two  types  are  obtained 

{G^   ,  G25}  for  which  Jp  =  (A  B  C  D  ABCD) 

16 

{^Je»  ^49}  for  which  Jp,  =  (.l)  (B  C  D  BC  CD  BCD  BD) 

The  investigated  groups  (rjg.g  contain  4  or  16  G^.  If  Pg  is 
permutable  with  every  operation  in  ^^  and  6^16.9  contains 
4  Gc^^  Pi  must  be  permutable  with  every  operation  in  a  sub- 
group G^  e.  g.  {Ay  B}.  The  other  operations  in  G^  are  per- 
muted cyclically.  On  the  other  hand  if  (rigr,  contains  16  Gc^, 
then  Pi  permutes  all  the  operations  in  G^  in  cyclic  sequen- 
ces. The  group  of  isomorphisms  of  G^  contains  only  one 
self-conjugate  sequence  of  non-cyclic  G^.  Thus  there  exists 
only  one  group  in  which  both  Jp^  and  Jp„  are  separated  from 
the  identical  isomorphism.  As  generating  isomorphisms  we 
can  choose  those  previously  obtained  of  order  3,  since  these 
generate  a  non-cyclic  G^,     Three  types  are  obtained 

[G\^,  G^}  for  which  Jp,  =  {A)  (B)  (B  C  BC) 

{Gf5^,  6^9}  for  which  Jp^  =  {A  B  AB)  (B  C  BC) 

{6; J   ,   G9}   for  which  Jp,  =  (A)  (B)  (B  C  BC)  and  Jp  =  (A  B 
'^AB)  (B  C  BC). 

(it)      Gp2  cyclic 

The  groups  of  isomorphisms  of  G\^  (r  =  3,  4,  5,  7,  11) 
contain  no  cyclic  Gp-..  Every  operation  in  [Pp]  must  thus  be 
permutable  with  every  operation  in  G\q.  Thus  we  get  8 
G'lgps  direct  from  the  foregoing  relations. 


3-22S01     R.  Nyhlen 
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V. 

The  G^i6/7^  which  contain  no  self-conjugrate 

GiQ  or  Gp-i, 
(i)     p  =  l 

All  the  groups  G^q,^q  contain  8  6^49.  These  8  G^^  have  a 
common  sub-group  O^^  which  is  self-conjugate  in  O^q.^q.  The 
factor-group  O^q.^^jQ^  =  r^^^  which  is  formed  by  this  has  no 
self-conjugate  sub-group  of  order  7.  0^16.49  would  otherwise 
have  a  self-conjugate  6^49,  which  is  contrary  to  the  hypothe- 
sis. 7^16.7  thusi  has  a  self-conjugate  G^q  which  is  necessarily 
(Page  33)  an  Abelian  group  of  type  (1,  1,  1,  1).  These  groups 
can  thus  only  exist  when  the  conjugated  sequence  of  groups 
GiQ  are  Abelian  groups  of  type  (1,  1,  1,  1).  Since  the  factor- 
group  Pig,7  has  a  self-conjugate  (xjg,  all  G^q^^q  contain  a  self- 
conjugate  (^8.49.  This  6^8.49  cannot  have  a  self-conjugate  G^^. 
(T49  would,  in  that  case,  be  self-conjugate  in  ^16.49  which  is 
contrary  to  the  hypothesis.  It  contains,  however,  a  self-con- 
jugate Abelian  G^  of  type  (1,  1,  1). 

6^8.49  =  {A  B,  C,  P}  for  which  Jp  =  (A  B  C  AB  .  .  .  .) 
^8.49  =  {^'  -^'  ^'  Ply  A}  for  which  Jp^=  1  and 
Jp.^  =  (A  B  C  AB  .  .  .) 

(a)       6^49  cyclic 
G^Q-{A,  B,  C,  D}.     D  permutes  the  8  cyclic  sub-groups  6^49 
•.•  D-^PD  =  P^AyB'C'' 
D-^PD^  =  P 

Hence  it  follows  that  x^  ^1  (mod  49) 

x^\  '.'  l/y  2  and  V  arbitrary 

The    groups    are    all    isomorphic  and  contain  a  self-conjugate 
G^    ,    In  order  to  shew  this  it  is  only  necessary  to  choose  as 


^  According    to    Levavasseur    the   groups    Crjg.^    have  either  a 
self- conjugate  G^q  or  a  self -conjugate  (r,. 
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new  generating  operations  instead  of  D  the  8  operations  in 
O^Q  which  were  not  found  in  G^=^{A,  By  C] 

X--1  n-^PD  =  p-m 

D-^PD^  =  UPU 

When  D  transforms  P  in  the  inverse  operation,  no  isomor- 
phism of  order  2  of  6^8.49  ^^  formed.  Consequently  no  new 
type  exists 

(6)       G^Q  non-cyclic 
Each  of  the   8  G^^  can  be  generated  by  P^  and  an  operation 
that  is  the  product  of  P^  and  an  operation  in  G^=  {Aj  B^  C\ 

'.-  I)-^P^D  =  P^'' 
D-^P^D  =  P^yP/U 

From    these   relations  it  follows,  since  D^  is  permu table  with 

Pi  and  P^ 

a^  EL  6^  =  1       y{a+d)  =  0  (mod  7)  .     .     .    (1) 

G^g  =  [Ay  By  C]  is  self-conjugate  in  (ti6.49'  ^^^  ^^^  isomorphisms 
corresponding  to  D,  Pj  and  P2  must  satisfy 

JpjJd  -  Jjx^p" 

Jp^  =  Ji)  =  Je  •.*  ^  "  1 

From  (1)  we  get  a^^l     y{a -\-l)  =  0 

fa  EE  1  (a~-l 

'.     {  or  { 

[y  =  0         [y   arbitrary 

1.  I)-^P,D  =  P, 
D-^P,D  =  PJJ 

Z>2  is  pennutable  with  P^  independent  of  the  value  of  U. 
All  the  groups  contain  a  self-conjugate  G^ 

2.  D-^P,I)  =  Pi-i 
D-^P^D  =  P.yp^U 
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Here  we  can  choose  U  -  E  independent  of  y.  The  7  groups 
for  different  values  of  y  are  all  isomorphic.  We  thus  obtain 
a  single  type  of  (^16.49  >  defined  by  the  relations 

A^=B^  =  C^=^D^=P^'i  =  Fi<  =  l  AB  =  BA  AC  =  CA   AD  =  DA 

BG=CB      BD  =  DB  CD  =  DC      P,P,  =  P,P, 

AP,  =  P,A     BP,  =  P,B  CP,  =  P,C      D-^P,D  =  Pr^ 

F^-^AP,  =  B      P^-^BP,  =  C      P,-WP,  =  AB      DP,=P,D 

The  other  six  types  are  obtained  from  this  if,  instead  of  Pg, 
we  choose  as  the  new  generating  operation  P1P2,  where 
2^+7  =  0  (mod  7) 

(?i)      p~b 

Sylow's  theorem  shews  that  all  the  groups  6^16.25  contain 
16  6r25.  The  sub-group  in  (r^g  25  which  contains  G^r^  self- 
conjugate  is  thus  of  order  25  and  coincides  with  the  group 
itself.  Since  G^gs  is  Abelian,  the  conjugated  sequence  of  groups 
(rjg  can  thus  contain  not  more  than  one  group.  Consequently 
no  group  belonging  here  exists. 

(in)      p  =  S 

The  groups  Oig.g  contain  a  self -conjugated  sequence  with 
4  or  16  (xg.  In  the  case  of  16  Gq  each  of  these  6^9  is  self- 
conjugate  in  a  sub-group  of  G^q^q  which  coincides  with  the 
group  Gq  itself.  Since  G^  is  Abelian,  (r^g  must  in  this  case 
necessarily  be  self -conjugate  in  (r^g.^,  which  is  contrary  to 
the  hypothesis.  The  conjugated  sequence  of  groups  (xg  thus 
contains  only  4  Gq  which  have  a  common  sub-group  G^.  This 
6^3  is  self-conjugate  in  G^q_q.  The  factor-group  G^q^c^iq  =  P^s 
which  is  formed  by  this  contains  3  G^q  or  1  G^^.. 

If  7^43  contains  1  6rig,  G^jg.g  has  a  self -conjugate  G^^.  This 
(T4g  has  3  Gj^Q  or  1  (r^g.  In  the  case  of  1  G^q  this  is  also 
self -conjugate  in  G^jg.g,  which  is  contrary  to  the  hypothesis. 
If,  however,  G^^g  has  3  G^^g,  these  form  a  conjugated  sequence 
in  GiQQ.  These  3  G^^g  have  necessarily  a  common  G^  which 
is  self-conjugate  in  G^jg.j,.    Besides  the  self-conjugate  G.^  there 
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thus  exists  also  a  self-conjugate  G^  which  leads  to  a  self-con- 
jugate 6^24  in  (?,«.9. 

If  7^48  contains  3  G^q  ,  these  must  have  a  common  G^  self- 
conjugate  in  /48,  and  consequently  G^jg.g  has  also  in  this  case 
a  self-conjugate  (724- 

The  factor-group  G^q^^iq  -  P^  has  a  self-conjugate  if^. 
(ti(..9  has  thus  a  self -conjugate  G-j^  which,  moreover,  can  be 
chosen  in  such  a  way  that  every  operation  in  G^  is  self-con- 
jugate.    (7^2   has    4    Gq  which  form  a  conjugated  sequence  in 

^16.9- 

(tj,  cyclic 

The  conjugated  sequence  of  groups  G^  to  G^2  contains 
1,  3  or  9  (7jj.  In  the  case  1  G^  there  exists  groups  contai- 
ning 4  Gq  only  when  the  group  of  isomorphisms  of  G^  is 
divisible  by  3.  A  single  group  i  exists  which  lacks  both  self- 
conjugate  G^  and  G^.  In  this  group  P^  is  not  self -conjugate 
and  (7i6.9  contains  at  the  same  time  a  self -conjugate  (7^2  of 
another  type. 
We  may  thus  take 


G^    =J 

72 


Ti2  =  Tj^  =  Tg^  =  P9  =  1 


P-^T,F  =  T,      P-^T,P  =  T^       l^^T^P  =  T,T, 


'  ^  2  ~  I  P-i^iP  =  T,      P-^T^P  =  T,l\  J 

G^  . 

72 

This  group  can  appear  as  a  self -conjugate  sub-group  of 
(7ig.9    only    when    the    conjugated    sequence  of  groups  G^q  to 

1  As  I  was  not  aware  that  Mr  Tripp  had  set  up  the  groups 
Gpiqi,  I  first  gave  the  defining  relations  for  all  G^pt.  Tlio  Gp.:,^^ 
which  lack  both  self-conjugate  Gp^  and  Gqi  are  all,  as  can  easily 
be  shewn,  of  order  72.  Mr  Tripp's  investigation  is  in  this  case 
not  correct.  He  sets  up  the  defining  relations  only  for  three 
groups,  while  in  reality  there  are  four  such  G^^. 
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O,,.,  is  one  of  the  types  G*^,  Q^^,  G^^  or  Gjo.       G^={T„ 
.T2,  Tg}  is  a  self-conjugate  sub-group  of  6^16.9  • 

(a)  (t*  contains  an  Abelian  G^  of  type  (1,  1,  1),  viz. 
{^2,  5,  C}.  P  is  permutable  with  an  operation  in  G^.  For 
this  we  can  choose  A^  or  B.  G^  has  7  6?^^,  one  of  which  is 
permutable  with  P.  This  G^  cannot  contain  the  operation  which 
is  permutable  with  P. 

•.•  Jp=(A^)  (B  C  BC)    .    .    ,     {B)  {A^  C  A^C)   ...  or 
{B)  {A^  C  A^BC)  .  .  . 
A  permutes  the  4  cyclic  G^  in  Gl 

•.    A-^PA  =  P^U 
A-^PA^  =  P  or  PA^C 
-.'  x^^  1  (mod  9) 

U  is  an  operation  in  [B,  C],  {A^,  C}  or  {A^B,  BC}  accor- 
ding to  which  isomorphism  we  choose  as  Jp. 

Since  {A^,  B,  C}  is  self-conjugate  in  G^i^.g,  the  isomor- 
phisms answering  to  A  and  P  satisfy 

JpJa  =  JaJp^ (2) 

This  relation  is  only  satisfied  by  x^l.     Whichever  operation 
is  chosen  as  U  we  always  obtain 

A-2PJ.2  =  P 

Four   isomorphic    groups    are  obtained,  which  all  contain 

a    self-conjugate    G^   .     In    order    to    shew   this,   AB,   AC    or 

ABC  are   chosen  instead  of  A  as  new  generating  operations. 

(?>)  G^     contains  15  G^,  any  one  of  which  may  be  chosen 

•.•  Jp  =  {A)  (B  C  BC)  .  .  . 

Hence  it  follows  that 

D-^PD  =  P^BvC' 

Since  D^  and  P  are  permutable  and  Jd  is  the  identical 
isomorphism  of  {A,  P,  C},  it  follows  that  x^l.  For  diffe- 
rent values  of  y  and  z  we  obtain  four  groups  which  are  iso- 
morphic and  have  a  self -conjugate  G^^  ,  D  is  exchanged  for 
DP,  DC  or  DBC.  '^ 
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(c)  O^  contains  two  Abelian  Og  of  type  (1,  1,  1).  As 
our  self-conjugate  G^  we  can  choose  {A^,  B,  C).  P  is  permu- 
table  with  an  operation  in  this  O^.  For  this  we  may  choose 
j4*,  B  oy  C.  P  is,  moreover,  permutable  with  a  O^  which 
does  not  contain  the  operation  permutable  with  P. 

•:  Jp  =  (A^)  {B  C  BC)  .  .  .,   (B)  (A^  C  A^C)  .  .  ., 

(B)  (A^  BC  A^BC)  .  .  .,     (B)  (A^  C  A^BC)  .  .  ., 

(C)  (A2  B  A^B)  ...  or  (C)  (A^  B  A^BC)  .  .  . 

•.•  A-^PA  =  P^U, 

Ui  is  an  operation  in  (xy  which  must  be  chosen  so  that 

A~^PA^  =  PU2  where  U^  is  determined 
by  the  isomorphism  that  was  chosen  for  J/> 

•.•  x^  =  l  (mod  9) 

The  isomorphisms  corresponding  to  A  and  P  satisfy  the  rela- 
tion (2)  only  when  x^  —  1  and  for  Jp  =  (C)  (A^  B  A^B)  .  .  . 
Ui  is  an  operation  in  {A*,  B]  and  it  is,  moreover,  so  chosen 
tliat  A-^PA^  =  PA^B 

'.'  Uy  =  A^B  or  A2 

By  exchanging  P  and  B  for  P^  and  A^B  we  shew  that 
the  groups  are  isomorphic.  "We  thus  obtain  a  single  type* 
Ojg.g  defined  by  the  relations 

A^^B^  =  0  =  P^  =  l 
B-^AB  =  A^      AC=CA      BC  =  CB      PC  =  CP 
P-^A^P  =  P      P-^BP  =  A^B      A-^PA  =  R-^A^B 

(cl)  (710     ^s  QUI-  self-conjugate  G^  we  choose  {A*,  Bj  C] 

.•  Jp  =  {A^)  (B  C  BC)  .  .  .,     (A2)  (B  C  A^BO  .  .  ., 

(C)  (A^  B  A^B)  .  .  .,    (B)  {A^  C  A^C)  .  .  ., 

(B)  (A2  C  A^BC)  ...  or  {B)  {A^  BC  A^C)  .  .  . 

•/  A-^PA=.P^U, 


Gig.9  is  the  direct  product  of  [C]  and  (?-,,  =  {A,  B,  P\ 
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U^  is  an  operation  in  G^  chosen  so  that 

A~^PA^  =  PU2  where  U2  is  determined 
by  the  isomorphism  chosen  for  Jp 

-.'  x^=  1  (mod  9) 

The    relation   (2)   is  satisfied  by  the  isomorphisms  corres- 
ponding   to    A    and    P   only   when  x=—  I  and  for  Jp  =  (A^) 
{B  C  BC)  .  .  . 
Ui  is  an  operation  in  {B^  C}  and  is,  moreover,  so  chosen  that 

A-^PA^  =  P 

•/  U,^E  or  BC 

Both  lead  to  the  same  group.     We  thus  obtain  a  single  type 
OiQ.Q  defined  by  the  relations 

A^  =  B^  =  C^  =  P9  =  1     B-^AB  =  AC    AC  =  CA    BC  =  CB 
P-^BP=C    P-^CP  =  BC    A-^PA  =  P-^ 

This  group  can  appear  as  a  self-conjugate  sub-group  of 
Gig.g  only  when  the  conjugated  sequence  of  groups  G^q  to 
(^16.9  is  one  of  the  types  ^^g'  ^le'  ^le  ^^  ^It'  "^^^  qu-ater- 
nion-group  {Tj,  Tg}  is  self-conjugate  in  G^ie-D* 

(a)  G'    .    As  our  self-conjugate  G^  we   choose  {AC,  BC\. 
P  is  permutable  with  C^  and  permutes  the  3  G^  in  G^  cyclic- 
ally.    We    can   suppose   without  hmitation  Jp  =  (C^)  (AC  BC 
ABC^)  .  .  . 
.        C  permutes   the  4  cyclic  Gq  m  G^    . 

•/  C-^PC=P^U 

f7(rr[=  C^)  is  an  operation  in  G^  =  {AC,  BC]  so  chosen  that 

C-2PC2  =  p 

'.'  x^-l  (mod  9) 
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6rg  being  self-conjugate  in  (5^,69,  the  isomorphisms  corre- 
sponding to  (',  U  and  P  must  satisfy 

JjJc  =  JoJp^Ju 

Since  Jc  is  the  identical  and  Ju  an  inner  isomorphism  of  G^g, 
this  relation  can  be  satisfied  only  for  x-\  and  U  =  E.  The 
group  obtained  contains  a  self -con  jugate  G'^    . 

(b)  G^^.  This  is  the  direct  product  of  the  quaternion- 
group  {A,  B}  and  {C}.    We  can  suppose  Jp  =  (A^)  {A  B  AB) .  .  . 

•.•  C-^PC=P^U        U=\=A^ 

As  before  it  is  proved  that  x~  1  and  U  =  E.  The  group  con- 
tains a  self-conjugate  G^^. 

(c)  (7^3.  Ag  our  self-conjugate  G^  we  choose  {J.*,  BA}.  P 
is  permutable  with  A^  and  permutes  the  3  G^  in  G^  cyclically. 
We  may  suppose  without  limitation  Jp  =  (A)  (A'^  BA  BA'^) 

'.'  A-^PA  =  P^U 
(J{=\=z  A^)  is  an  operation  in  G^  so  chosen 

tliat  A-^PA^  =  PBA'^        (3) 

•  •  x^=l  (mod  9) 

a;  -  1  •.•  A-^PA  =  PU 

A-2PA^  =  PUA-mA 
U  =  E,  A^,  BA  or  BA'^  which  do  not  satisfy  (3) 

X-  -I  '.'  A-^PA  =  R-m 

A-^PA^  =  U-^PA-^A 

U  =  a;  .4«,  BA^  or  BA^,  of  which  only  the  last  satisfies  (3) 
and  at  the  same  time  gives  an  isomorphism  of  6/ J  ,  ^^q  ob. 
tain  a  single  type  (^10.9,  defined  by  the  relations 

^8  =  j52  =  7>j  =  1       B-^AB  =  A^ 
I'-^A^P  =  BA       P-^BAP  =  BA-^       A-^PA  =  P-'^BA^ 
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(d)  G^^.  As  our  self-conjugate  G^  we  can  choose  {A^,  B} 
P  is  permutable  with  A^  and  permutes  the  3  G^  in  G^  cjclic- 
4illy.     We  may  suppose  without  limitation 

(Jp  =  (A4)  (A^  B  A^B)  .  .  . 
•.•  A-^PA^P^U 
U{^-  A^)  is  an  operation  in  G^  so  chosen 

that  A-^PA^  =  PBA^        (4) 

•••  x2  EE 1  (mod  9) 

x=l  -:  A-^PA^  =  PUA-mA 

U=E,  A\  B  or  A^B  which  do  not  satisfy  (4) 

x^-1  ■:  A-^PA^  =  U-^PA-mA 

U  =  E,  A^,  BA^    or   A^B,    of    which  values  only  U  =  A^  satis- 
fies (4) 
We  get  a  single  type  G^jg.g,  defined  by  the  relations 

A^  =  B^  =  P^  =  1      A^  =  B^      B-^AB  =  A'^ 
P-U^P  =  B      P-^BP  =  A^B      A-^PA  =  P-U6 


Gq  nofi-cyclic 

As    our    self-conjugate    sub-groups    ^72    we   may  suppose 
(Page  37): 


PT>    _  T>  j>        T  T    —  T  r        T  T   —  T  T        T  T    —  T  T 
jX  2  —  -t  2-'^l         ^1^2~-*-2-^l        ^1^3  ""^3*^1        ^  2-*^  3  ■"  ^  3-*^  2 

P  -I7T   p    _  rp  p  -.iji   p    _  rp  p  _i/T7   p    _  rp  rp 

P,T,  =  T,P,       PJ\-T,P,       Pfl\  =  T,P, 


«-„  = 

72 


(7^ 


T,4  =  2^2^  =  P,3  =  P,3  =  1 

P1P2  -  P2P1       Ti^  =  r,2      T,-^T,T,  -  Ti- 
P,T,  =  T,P,      P,T,  =  T,P, 
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72 


G3   . 
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(a)  Gjg.      .    /p  =  (^^)  (B  C  BC)  ,  .  .,  (J5)  (^2  C  A^C)  .  .  . 
or  (B)  (A2  C  ^2^C)  .  .  . 
A  permutes  the  4  non-cyclic  Gq  in  0^  . 

i/  is  an  operation  in  {P,  C},  {JL^,  (7}  or  {A^P,  BC]  according 
to  which  isomorphism  we  choose  as  Jp^ 

Since  A-^P,A^  =  P^      A-^P^A^  =  P.,  or  P^A^C 

we  get  x'^  =  z^  =  l      y{x  +  js)  =  0  (mod  3) 

Og={A^,  P,  C}  being  self- conjugate  in  Giq.q,  the  isomor- 
phisms  corresponding    to    A,  P^    and  P2  satisfy  the  relations 

Jp/a  =  JaJp^        \ 
JpJa  =  JaJp?Jp,^  j 

Hence  it  follows  that  3  =  1 


ip) 


{x=l       jx  =  -l 
[tj  =  0  ""[y^O,  1, 


A-^P^A^  =  P^U^ 


and  hence  it  follows 


Since  ^  =  1 

that  Jp^  =  (A2)  (B  C  BC)  .  .  . 

x~l.  C7  is  an  operation  in  {P,  C].  The  four  groups  are 
isomorphic  and  all  contain  a  self- conjugate  O^  . 
x  =  —l.  Independently  of  y  we  can  choose  [T  =  E,  If  we 
then  exchange  P^  for  P^^P^,  where  2t  +  yz^0  (mod  3),  it 
appears  that  the  groups  are  isomorphic.  We  obtain  single 
type  (ti5.9,  defined  by  the  relations 


4i 


AB  =  BA        AC=CA        BC=CB        F^P,  =  P^P^ 
A-^P,A  =  P,-'        PiB  =  BP,        P,C  =  CP^ 
P,A  =  AP,        Pf^BP^  =  C        P2-WP2  =  BC 
(h)  G^  V  Jp^  =  iA)  {B  C  BC)  .  .  . 

•/  D-^P,D  =  P,-      D-^P,D  =  P^yP.'U        U  in  [B,  C] 


Since  D^  is  permutable  with  Pj  and  P.2  and  Ji,  is  the  iden- 
tical isomorphism  of  {A,  B,  C},  we  get 


^^  1,     (  x=l  (  X- 

f  nr  } 


1 


or 


Ij/eeO  (?/  =  0,  1,  2 

x=l.     The   four    groups   are    isomorphic    and   contain  a  self- 
conjugate  G^  . 

x  =  —l.     We  obtain  a  single  type^  defined  by  the  relations 
^2  =  B^  =  0^  =  D-'  =  Pi^  =  P2^  =  1       AB  =  BA      AC  =  CA 

AD  =  DA      BC=CB      BD  =  DB      CD  =  DC      P,P.,  =  PJ\ 

AP,  =  P,A      BP,  =  P,B      CP,  =  P,C      D~^P,D  =  Pr^ 

AP,  =  P,A      P,-^BP,  =  C      P,-^CP,  =  BC      DP,  =  P,D 

(c)  Gl^     •.'  Jp.^  =  (A^)  {B  C  BC)  .  .  .,  (B)  (^2  CA^C)  .  .  ., 

(B)  (A^  BC  A^BC)  .  .  .,     (B)  {A^  C  A^BC)  .  .  ., 

(C)  {A^  B  A^B)  ...  or  (C)  {A^  B  A^BC)  .  .  . 

A-^P,A  =  P,^      A-^P,A  =  P.yP^'U, 

U^    is    an    operation   in    {A^,   B,  C]  which  must  be  so  chosen 
that  J.-2P2 J.2  =  pjj^    where  U2  is  determined 

by  the  isomorphism  chosen  for  Jp,^ 

•.•  x^  =  £^  =  l       y{x-\-^)-0  (mod  3)      .     .     .     (6) 


1  {D,  B,  C,  Pi,  Pg}  is  a  group  of  order  72  which  lacks  both 
self-conjugate  G^  and  Gq.  The  defining  relations  for  this  are  not 
given  in  Tripp's  investigation. 
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The  isomorphisms  corresponding  to  Ay  F^  and  P^  satisfy 
(5)  only  when  ;?  =  -  1  and  for  Jr^  =  (C)  {A^  B  A'^B)  .  .  . 
Ui    is   an  operation  in   \A^y  B]    and   is,  moreover,  so  chosen 
that 

•.•  l\  =  A^  or  A^B 
From  (6)  we  get 


\2/  =  0,   1,  2         [y  =  0 


X  —  i.     The  groups  are  isomorphic.     We  thus  obtain  a  single 
type*  ^16.9 »  defined  by  the  relations 

A^  =  B^  =  C'2  =  P,3  =  p^3  =  1 

B-^AB  =  A^      AC=CA      BC=CB      PJ\  =  PJ\ 

A-^P,A  =  Pf^A^B 
Pr^A^P^  =  B      Pf-^BP.,  =  A^B      P,C=  CP. 
P,A  =  AP,      P,B  =  BP,      P,C=  CP, 

xr—1.     We  get  a  single  type^  (rje.t,,  defined  b}^  the  relations 

A^  =  B^  =  C'^  =  P,^  =  P^'  =  \ 

B-KiB  =  A^      AC=CA      BC=CB      P,P,  =  P.,P, 

A-^P^A  =  P^-^A^B 

P,-^A^P.,  =  B      P^-^BP,  =  A^B      P,C=CP. 

A-^P,A  =  P^-i       P,B  =  BP,       P,C  =  CP, 

(d)  6?J«  •.•  Jp,  =  (A2)  (B  C  BC) .  .  .,  (A^)  {B  C  A'^BC)  . . ., 
{C)  (A2  B  A^B)  . . .,  (B)  (A2  C  A^C)  .  .  ..  {B)  (^^  c  A^BC) . . . 
or  (B)  (A2  BC  A^O  .  .  . 

•.•  A-^P,A  =  P,^       A-^P,A  =  P,yP/U, 


'    ^'16.9  ^s  the  direct  product  of  [C] ,  {Pj}  and  G^^  =  [A,  B,  P^\. 
-   This    typo    is    the    direct   product    of   [C\   and   G^.^  =  1^-   B, 


46 

U^  is  an  operation  in  [A^,  B,  C]  so  chosen  that 

A-^P^A^  =  PjU^  where  U^  is  determined 
by  the  isomorphism  that  was  chosen  for  Jp,^ 

...  x^  =  z^  =  l       y{x  +  z)  =  0  (mod  3)     .     .   (7> 

The    relations    (5)   are  satisfied  by  the  isomorphisms  cor- 
responding   to    A,   P^    and    Pg    only    when   z^—1    and    for 
Jp,  =  (A^)  (B  C  BC)  .  .  . 
CTj  is  an  operation  in  {jB,  C]  and  is,  moreover,  so  chosen  that 

A-^P^A^  =  Pg 

•/  U,  =  E  or  BC 
From  (7)  we  get 


fx=l 
I2/-O,  1,  2 


or 


jx  =  -l 


x^l.     The  groups  are  isomorphic,     We  thus  obtain  a  single 
type!  G^i6.9»  defined  by  the  relations 

1  Groups  GiQp,  which  lack  both  self-conjugate  G^^  and  Gp, 
only  exist  for  ^  =  3,  5  or  7.  When  p  =  b  or  7,  it  is  shewn  that 
no  groups  exist.  This  can  be  proved,  for  instance,  in  the  same 
way  as  for  G^^pi  (cyclic  Gpi).  For  since  the  groups  6^16.7  are 
soluble  they  have  a  self-conjugate  G^q  which  necessarily  contains 
an  Abelian   G^  of  type  (1,  1,   1)  self-conjugate. 

Thus  there  remains  only  ^  =  3.  Levavasseurs  investigation  is 
in  this  case  incorrect.  He  sets  up  the  defining  relations  for  only 
two  groups,  while  in  reality  there  are  four  G^^.  These  6^43  have  3 
Gj^Q  and  consequently  a  self-conjugate  6^24  which  in  its  turn  has 
a  self-conjugate  G^.  The  different  types  G^^  are  thus  obtained 
directly  in  the  same  way  as  the  corresponding  (rjg.g  (cyclic  Gq). 

The  direct  product  of  such  a  group  G^^  with  a  cyclic  G^ 
give  a  group   G^q^q  belonging  here. 

{A,  B,  C,  Pg}  is  a  group  of  order  48,  which  lack  both  self- 
conjugate  G^Q  and  G^.  The  defining  relations  for  this  are  not 
given  in  Levavasseurs  investigation.  As  permutation-group  of  degree 
16,  it  is  given  by  G.  Bolinder,  t)ber  die  Strukturverhaltnisse  bei 
einer  besonderen  Klasse  vollkommener  Gruppen  (Diss.  Uppsala 
1909  Page  120).     We  may  take,  for  instance, 

A  =  {boje){dmlg){fphn)(ik),       B  =  (aJc)(bl){ct)(dj)(eo)(fp){gm)(hn), 
C  =  (ac)(bd)(eg){fh){ik)(jl)(mo){np)   and   Pg  =  (hmn)(ikc)(ehd){ofl){gpj) 
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A*  =  B^  =  0  =  P^^  =  PgS  =  1 

B-^AB  =  AC      AC^CA      BC=CB      P,P^  =  P^P, 

A-^P,A  =  Pg-i       Pr^BP^  =  C      Pr^CP^  =  BC 

AP,  =  P,A      BP,  =  PjP      CPj  =  PjC 

a:  =  —  1.     We  get  a  single  type  (^i^.g,  defined  by  the  relations 

j5-iAP=.iC      ^C=CA      BC^CB      P,P,=P^P, 

A-U\A  =  Pr^      Pg-^PPg  =  C      Pr'CP^  =  BC 

A-  ^P,A  =  Pr^      BP,  =  P,B      CP,  =  P,C 

72 

(rt)  G'^  .  .•  Jo  =  (O)  (^C  BC  ABC^)  .  .  . 

1  6 

•/  C-^P^C  =  Pi^      C-^P^C  =  P^vP^'U 

U(=^  O)  is  an  operation  in  {AC,  BC)  so  chosen  that 

C-^P^C^  =  P2 

•••  0^2=^2  =  1        ij(x-\-z)  =  0)        ....     (8) 

Since    {^C,  BC}    is    self-conjugate  in  (7^16.9,  the  isomorphisms 
corresponding  to  C,  C7,  Pj  and  Pg  satisfy 

Jp^Jc  =  JcJp?JpiJu 

From  (8)  we  get 

\  or    .' 

a:=l.     The  group  contains  a  self-conjugate  C^   . 

x  —  —\.     The    groups  are  isomorphic  and  we  obtain  a  single 

type  defined  by  the  relations 

^2  =  P2  =  C4  =  Pj3  =  PjjS  =  1 
B-'AB  =  AC^      AC^CA      BC^CB      P^P,  =  P^P, 
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P^-^ACP^  =  BC      P,-^BCP,  =  ABC^      CP,  =  P^C 
AP,=P,A      BP,  =  P,B      C-^P,C  =  Pr' 

(h)  Gil         '•'  '^P'^  =  (^')  (^^  B  AB)  .  .  . 

•/  C-'^P,C=P,^      C-^P^C  =  P^jP,fU 

U{-\^A^)  is  an  operation  in  [A,  B)  so  chosen  that 

C-^P,C'2  =  P, 
As  before  we  shew  that 

•••  or    \ 

X  =  1.     The  group  contains  a  self-conjugate  O^^. 

x  =  —l.     The    groups  are  isomorphic  and  we  obtain  a  single 

type  6^16.9,  defined  by  the  relations 

A^  =  B^  =  C^==  P^s  =  p^3  ^  1 
^2  =.^2      B-^AB  =  A^      AC=CA      BC  =  CB 
,   AP,  =  P,A       BP,  =  P,B      C-^P,C=Pr^      P,P,  =  P,P, 
P,-^AP,  =  B      P,~^BP,  =  AB      P,C=CP2 

{€)  G\l.     '.Jp„  =  (A^)(A^    BA    BA-^)  .  .  . 
A-^P,A  =  P,^      A-^P,A  =  P,yP,'U 

U{=\=A^)  is  an  operation  in  {A^,  BA]  so  chosen  that 

A-^P^A^  =  P^BA-^ (9) 

•/  x^  =  ^^  =  l       y{x  +  s)  =  0  (mod  3)  .     .  (10) 
£  =  1  '.-  A-^P^A^  =  PIJA-^UA 

U=E,  A^,  BA  or  BA'^  which  do  not  satisfy  (9) 

■^  =  -  1  •••  A-^P^A^  =  U-^P^A-^UA 

U=E,  A^,  BA'^   or   BA^   of   which  only  U=BA^  satisfies  (9) 

and  at  the  same  time   gives  an  isomorphism  of  G*  . 


From  (10)  we  get 

\y  =  0,   1,  2  \y  =  0 

x=l.     The  groups  are  isomorphic  and  we  get  a  single  type  ^ 
defined  by  the  relations 

A8  =  ^  =  PjS  =  Pg*  =  1       B-^AB  =  A3      P^P^  =  P^P, 

Pr^A^P^  =  BA      Pf-^BAP^  =  BA^      A-^P^A  =  P,-^BA^ 

AP,  =  P,A      BP,  =  P,B 

x  =  —l.     This  gives  a  new  type,  defined  by  the  relations 
A8  =  P2  =,  p^3  =  p^3  =  1       B-^AB  =  A3       P^P^  =  P^P^ 

Pr^A^P^  =  BA       P^-^BAP^  =  PA^      A-ip,A  =  Pf-^BA^ 

A-'P,A  =  Pr'       P-iPjJ?  =  Pi 

(cO  6? J*.       •••  Jp,  =  {A*)  (A2  P  A^P)  .  .  . 

•••  A-^P^A^P^^      A-^P^A  =  P,yPAI 

U(^A*)  is  an  operation  in  {A^,  B}  so  chosen  that 

A-^P^A^  =  P^BA^ (11) 

•■•  x^  =  z^  =  l     y(x  +  z)=0  (mod  3)  .     .     (12) 

2=1  •.•  A-^P^A^  =  P^UA-^UA 

D  =  E,  A2,  P  or  A^B  which  do  not  satisfy  (11) 

2  =  ^-1  ■.'  A-^P^A^  =  U-^P,A-nJA 

U=Ey  A6,  PA-i    or    A^B   of    which    values   only  U  =  A^  satis- 
fies (11) 


^   {A,  5,  Pg}   is  a  group  of  order  48  isomorphic  with  the  group 
of  isomorphisms  of  the  non-cyclic  Gq.     We  may  take,  for  instance, 

^  =(lj;  _!)'  ^  =  (J;   _?)    a^d  A  =  (o    })•     Burnside,    Theory  of 
groups  of  finite  order.     Cap.  20  (1911). 

i-SanOl    R.  NyhUri 
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From  (12)  we  get 


f^=l  or    i^=~^ 

|t/  =  0,  1,  2    ''''   [y  =  0 


05=1.     The  groups  are  isomorphic  and  we  get  a  single  type* 
^16.9 »  defined  by  the  relations 

J[8  =  J54  =  p^3  =  PgS  =  1 

Pr^A^P^  =  ^      Pg-^^A  =  ^^B      A-^P^A  =  P2~iA« 
P^A  =  ^Pi      P^P  =  BP^ 

x  =  —  1 .     This  gives  a  new  type,  defined  by  the  relations 
A»  =  P*  =  P^s  =  PgS  =  1 

A*  =  P2  P-UP  =  A'  P,P,=^P^P, 

P^-^A^P^  =  P      Pg-^^Pg  =  ^'^      A-^P,A  =  P2-U« 
J.-ip,A  =  Pr'      B-^P,B  =  P, 
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This  group  can  appear  as  a  self-conjugate  sub-group  of 
^16.9  only  when  the  conjugated  sequence  of  groups  O^^  to 
0.6 o  is  one  of  the  types  G\,  Q'^   .  0\l  or  G\l. 

lb  9  Jr  1616^16  16 

(a)  G*^  .  As  our  dihedral  group  we  can  choose  {AC,  B], 
By  varying  the  generating  operations  we  can  without  limi- 
tation suppose 

Pr^OP^  =  P      Pr^BP,  =  BO      {AC)-^P^AC  =  P-W^B 
•/  C-^P^C  =  Pi^     C-^P,C^P,yP^'U 

U  is  an  operation  in  {P,  O},  and  is  so  chosen  that 
C-^P^O  =  P,OB 

^  {A,  B,  P2}  is  a  group  of  order  48  which  lacks  both  self- 
conjugate  G^Q  and  Gq.  The  defining  relations  for  this  are  not 
given  in  Levavasseur's  investigation. 


When  -^  =  — I  this  relation  is  satisfied  for  f7=  O.  Jc 
defined  in  this  way  does  not  give  an  isomorphism  of  Q\^' 
Consequently  there  is  no  group. 

(b)  O^     is  the  direct  product  of  the  dihedral  group  {A^  B\ 

1  6 

and  [C]  and  we  can  suppose 

Pi-^A^P^  =  B      Pr^BP^  =  A^B      A-'P^A  =  P^-^A^B 

•.•  C-^P^C^P^^  C-^P^C  ^  P.yP^'U      where  U  is 
so  chosen  that  G-^P^O  =  Pj 

•.•    a;8=;8r2  =  l       t/(a;  +  ^)  =  0 

Jc  defined  in  this  way  does  not  give  an  isomorphism  oiG^ 

z  =  l  -:  y  =  Oy       U==E  or  A^B 

When  x=l  the  groups   have  also  a  self-conjugate  0^^. 
For  X  =  —  1  we  get  a  new  type,  defined  by  the  relations 

B-^AB^A^      AC  =  CA      BC=CB      P,P^==P,P, 

PrM^^2  =  ^      Pi-^PPi  =  ^'^      A-^P^A  =  Pj-i^^^ 
Pi^  =  APi       BP.^P^B      C-^P,C  =  Pr^      CP^^P^C 

(c)  ^12  and  (?i3  contain  the  dihedral  group  {^*,  B).  In 
both  cases  we  can  without  limitation  suppose 

Pf^A^P^  =  B     Pf-^BP^  =  A^B     A-^P^A^  =  Po-i.l^i? 

•••  A-^P^A  =  P^yP^'U 

Since  A-^P^J.*  =  Pj-iJ-^if 

We  get  -?*  =  —  1  (mod  3),  which  has  no  so- 

lution.    Consequently  there  is  no  group. 
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Finally  I  give  a  table  showing  the  number  of  types  for 
different  values  of  p 


Number 

p 

of  types 

a 

197 

5 

221 

7 

172 

^=1  (mod  16) 

257 

p  =  S  (mod  8) 

167 

p  =  6  (mod  8) 

219 

p  =  7  (mod  8) 

169 

p  =  9  (mod  16) 

243 

The  groups  of  order  8  p\ 

Sylow's  theorem  shows  that,  with  the  exception  of  jp  =  3 
and  7,  all  the  investigated  groups  O^Jf^  contain  a  self -con- 
jugate Opu. 

I. 

The  Gfif^  which  have  a  self -conjugate  G^  and 
also  a  self -conjugate  Gf^. 

The  sub-groups  Oj^  and  O^  have  no  common  operation 
except  the  identity.  Every  operation  in  O^  must  thus  be 
permutabie  with  every  operation  in  Opz.  The  investigated 
groups  G^jfi  are  therefore  obtained  as  the  direct  product  of 
I  Gg  and  I  Gjfi^.  25  groups  are  obtained,  9  of  which  are 
Abelian.  The  sub-groups  of  the  direct  product  af  the  quater- 
nion-group and  an  Abelian  Op^  are  all  self-conjugate.  These 
three  groups  are  the  only  O^j^  except  the  Abelian  ones  which 
have  this  property. 

n. 

The  G^p-  which  have  a  self-conjugate  Gp^  and 
more  than  one  G^, 

The  factor-group  O^pa/Q^  is  isomorphic  with  any  one  of 
the  5  types  0^.  The  operations  in  O^  which  are  permutabie 
with  every  operation  in  Gpn  form  a  self -conjugate  sub-group 
H  of  Gg.  To  every  operation  in  the  factor-group  O^/ff  there 
thus   corresponds   an  isomorphism  of  Opi.     The  setting  up  of 

*   Burnaide.  Theory  of  groups  of  finite  order  (1911)  Cap.   10. 
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the  different  G^ps  then  proceeds  according  to  the  type  of  jff, 
which  considerably  simplifies  the  process.  As  Gg/ff  is  a  cyclic 
group,  the  results  are  obtained  directly,  since  the  Gqp»  which 
have  a  self -conjugate  Gpn  and  more  than  one  cyclic  G^  have 
already  been  produced.  Two  groups  Hy  which  cannot  be 
transferred  one  into  the  other  by  changing  the  generating 
operations  of  G^,  give  distinct  groups. 

G^=:lPP'^l] 

The  group  of  isomorphisms  *  is  cyclic.  The  factor-group 
Gg/Jj  is  thus  necessarily  cyclic.  The  results  are  set  forth  in 
the  following  table 


'^"flG^. 

ir 

A-^PA 

B-^PB 

C-'PC 

Aritm.  Rel. 

Gi 

[A^] 

P~l 

{A*} 

pa 

p  =  l  (mod  4) 

E 

pa 

p=l  (mod  8) 

ol 

[M 

P 

P-1 

{A\  B] 

p-1 

P 
P 

p  =  l  (mod  4) 

01 

\A,B] 

P 

P 

p-1 

ot 

{M 

P 

p-1 

\A^B] 

p\ 

P 

01 

[A] 

P 

p~A 

In  every  particular  case  we  can  take  a  fixed  value  of  a 
which  satisfies  the  congruence  obtained.  The  remaining  a- 
values  give  groups  isomorphic  with  this.  All  the  types  in 
the  table  are  distinct^  as  appears  from  the  method  of  arran- 
gement. 


1  Proc.  L.  M.  S.     Bd  30  (Pages  211—2X6). 
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G^  =  {P,P*  ^P^v^x       p^p^  =  p,p^| 

Q^  has  p  cyclic  sub-groups  Gps,  viz.  {P^P^^]  (A;  =  0,  1, 
...  |)  —  1),  of  which  one  at  least  is  permu table  with  A.  For 
this  we  can  choose  {PJ.  Besides  the  sub-group  {Pi^}  one  of 
the  groups  [P^^P^]  (A;  =  0,  1,  .  .  .  ^  —  1)  must  also  be  per- 
mutable  with  A  and  for  this  we  can  choose  {P,} 

We  have  J  a  =  (A,  Pg ;  A",  PgO 

•.•  a8  =  l  (mod  ^«)       j58=i  (modi?) 

H^[A^]        '.'  J  A  =  (Pi,  Pa;  Pi^^  Ps^^).     Three  types 
H={A^}        •.•  a4  =  l  (mod  i?2)       /?*  =  l(mod|?)    ' 
Consequently  there  are  three  cases  to  notice: 

(1)  a=  +  1,  j5  a  fixed  prim,  root  of  ^*  =  1 

(2)  a  a  fixed  prim,  root  of  a*  =  1,  ^  the  prim,  roots  of  /5*  =  1 

(3)  a  a  fixed  prim,  root  of  a*  =  l,  ^=+1 
The  types  are  all  distinct 

H=E  /  a8  =  l  (mod  p^)      ^  =  1  (mod  p) 

We  now  have  the  following  three  cases: 

(1)  a  the  roots  of  0*=  I,     p  a  fixed  prim,  root  oi  p^  =  \. 

(2)  a  a  fixed  prim,  root  of  a^  =  l,  p  the  prim,  roots  of /^=1 

(3)  a  a  fixed  prim,  root  of  0^  =  1,  p  the  roots  oi  p*=l 
The  types  are  all  distinct. 

The  group  of  isomorphisms  of  G^  is  of  order  p^(p  —  1)». 
The  conjugated  sequence  of  Sylow's  sub-groups  of  order  2* 
to   this    group    consists    of   Abelian  groups  generated  by  two 

k 

operations  of  order  22.  Consequently  the  group  G^gfc  contains 
no  Abelian  G^  of  type  (1,  1,  I)  and  not  more  than  one  non- 
cyclic  G^. 

The  results  here  can  thus  be  easily  seen  directly. 
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<5f.«3//3i!,  =  { A*  =  fi*  =  1       AB  =  BA) 


H=  {A\  or  [A»,  B}.     Six  types. 
H={B).     Six  types  ior  p=l  (mod  4) 

-.•  Jx  =  (P. ,  P^ ;  P„  Pr>)        -^s  =  (Pi .  P. ;  -P.-'.  Ps±') 
or       j:4  =  (P„  p,;  Pr>  p.-')     •^B  =  (Pi,  p.;  P,,  P^-') 

•••  Ja  =  {P„  P,;  Pi,  P/)      Jb  =  (P,,  P,\  Pi-',  P,) 

Ja  =  (Pi ,  Pi, ;  Pi°,  P^O     ^B  =  (Pi ,  P,\  P,-\  P,) 

or  Ja  =  (P,,  Pa;  P2°,  Pj)       Jb  =  (P,,  P2;  P„  P2-') 

(?8p./(y^,=  jA2  =  P2  =  C-^  =  1      AB  =  BA      AC^CA      BC=CB\ 
H=  [A,  B).     Three  types. 

:■  JA-{.Pr,  P,i  P,-',  P,)    Js  =  {P^,  P,;  Pi,  P,-') 

^*J^IQ^  =\A*  =  &=1       B-^AB  =  A^] 

H=  {A}  or  \A^,  B}.     Six  types. 
H=[A^ 

:■  Ja  =  (Pi  ,  P, ;  Pi±n  P,-')       Jn  =  (A  ,  P. ;  P,->,  P^) 
or        J^  =  (P, ,  P^ ;  P,-i,  P,)  J„  =  (P, ,  Pa ;  P, ,  Pr') 

<?8j>»/(3^={44  =  P<  =  l       A'  =  B'-       B-^AB  =  A^) 

B:={A\.     Three  types. 

K^{A^\ 

:■  Ja  =  (Pi,  Pal  Pi ,  Pa-')        .75  =  (Pi,  Pa;  Pr',  Pa) 

ffji  =  {Pi^-  =  P/  =  P/  =  1  P.P.  =  P,P,         P,P,  =  P,P, 

^2-f^S  =  -^3-^2} 


»7 

^V/G'|,=  {A8=  1} 

G^  contains  p*-{-p  +  l  Gp.  Of  these  /•  are  self-conjugate 
when  transformed  by  A,  The  others  are  permuted  in  cyclic- 
sequences  with  2,  4  or  8  groups  in  each 

•.•  p2+p+  \  =  r  +  2A- 

We  thus  get  /•  =  I  or  r  >  3 

(/)       r  >  3. 

We  can  then   always  choose  J  a  -  {Pi ,  Pg ,  Ps ;  Pi",   Pg^*   PsP 
independently  of  whether  n  =  fi  (mod  p)  or  not. 

H=  [A^]  -.'  a^  =  pi  =  Y^=l  (mod  ;>) 

(1)  a  =  fi  =  y  =  -i 

(2)  a=l     fi=y=-l 

(3)  a  =  ^=l     y  =  -l 

X)nly  these  three  types  are  distinct. 

H=  {A*}  -.'  a*  =  fi*  =  y*=\ 

(1)  a,  p  and  y  the  prim,  roots  of  ^'*  =  1.  Two  types  for 
which  a=p  =  d  and  y  =  d  or  6^ 

(2)  a  and  /?  the  prim,  roots  of  ^*  =  1,  y  =  +  1.  Pour  types 
for  which  a  =  d  and  p  =  d  or  6^ 

(3)  a  the  prim,  roots  of  (5'*=1,  /?  and  y=  +  1.  Three  types 
for  which  a  =  ^,  /?=  +  !,  y=l  and  a  =  <5,  /S  =  y  =  — 1 

(1)  a,  /?  and  y  the  prim,  roots  oi  6^  =  1.  Five  types  for  which 
a  =  p  =  d,  y  =  d^(r=h  3,  5,  7)  and  a  =  d,  p  =  d\  y  =  d^ 

(2)  a  and  /?  the  prim,  roots  of  ^8  =  1,  y=±  1,  ^*  or  ^6. 
Fourteen  types  for  which  a  =  dy  ^  =  ^*'(r  =  l,  3,  5,  7), 
y  =  +  1   or  ^2  an(j  a  =  dy  p  =  d^(r  =  1 ,  5),  y  =  d^ 

(3)  a  the  prim,  roots  of  ^8  =  1,  /?  and  y  =  +  I,  d-  or  6^. 
Three  types  for  which  a  =  <5,  P  =  d^,  y  =  d^(r  =  2,  6)  and 
a  =  ^,  fi  =  y  =  d^.  Seven  types  for  which  a  =  d,  p  =  d^{r  = 
=  0,  2,  4,  6),  y=  ±  1  (except  p  =  -y=\). 
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(ii)       r  =  1 

We  can  choose  J^  =  (Pi,  P^,  A,  A«,  A,  Pi^P^^^P^.  If 
Pg  is  transformed  into  an  operation  in  {P^,  Pg}  we  are 
brought  back  to  the  previous  case.  The  permutation  of  all 
Op  except  {Pj}  corresponding  to  the  isomorphism  J  a  contains 
cycles  with  2,  4  or  8  tenns. 

1.  The  permutation  of  the  p'^  ■¥  pOp  contains  one  cycle 
with  two  terms. 

We  can  then  suppose 

a  =  c  =  0,       &*  =  1  (mod  p) 

When  h—lJji  is  an  isomorphism  for  which  more  than 
one  Gp  is  self-conjugate.  If  on  the  other  hand  &  =  ~1,  we 
obtain  for  ^  =  3  (mod  4)  two  types  for  which  J^  =  (P^,  Pg,  Pj*, 
P^ii,  Pg,  Pg""^).  If  5  is  a  prim,  root  of  6^  =  1  we  obtain  for 
p  =  b  (mod  8)  four  types  for  which  JA-iPn  Pg,  Ps\  Pi"^ 
Ps,  A")  (^=0,  1,  2,  3). 

2.  The  permutation  contains  cycles  with  at  least  four 
terms. 

We  thus  get 

a(a2  +  ac  +  &  +  c2)  =  0 

h{h-\-c^)=±  1     (mod  p) 
c{2h  +  c2)  =  0 

Because  ^^  +  p  =  4A;  it  is  necessary  that  ^  =  3  (mod  4). 
When  c  =  0  the  permutation  corresponding  to  Ja  contains  at 
least  one  cycle  with  two  terms 

•••  26  +  c2  =  0 
Hence  it  follows  that 

62  =  1 

ii)       h  =  l  •.•  c2  =  -2,       a=il,       a  =  0 

We  thus  obtain  for  p  =  S  (mod  8)  two  types  for  which 
J^  =  (A,  A,  P,;  P,±i,  Pg,  P,F,c) 
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(w)       6  =  -l  •/  c«  =  2,     a  =  ±l,     a  =  0 

We   thus   obtain  for  p  =  7  (mod  8)  two  types  for  which 

3.  The  permutation  contains  cycles  with  only  eight  terms. 
When  P2  is  transformed  by  A*  we  get,  e.  g.,  P3  or  P^^P^v. 
In  both  cases  we  are  brought  back  to  the  previous  case.  P^ 
is  exchanged  for  P^P^  or  a  suitable  operation  in  {P, ,  Pj} 

^^P'/G^  =  {A*  =  P«  =  1       AB  =  BA] 

H^{A^,  B\  or  {A}.     Six  types. 

H==  [B],  We  get  nine  types  for  p=  1  (mod  4)  and  two 
for  p=S  (mod  4). 

In  ^4^8=  {-4,  Pj,  Pg,  P3)    J  J,  is  an  isomorphism  of  order 
2.     We  can  suppose  t7^  =  (Pi,  P2,  Pg;  A^jA^  A*')  where  a, 
/?  and  y  are   roots   of  ^*  =  1  (mod  p).     Jb,  which  is  a  general 
isomorphism  of  order  2,  must  be  permutable  with  J^, 
We  have 

Jb^(P^,  P2.  Ps\   P.^'^P^y^P^^    P,^P,y^Ps%    P.^P.y^P,'*) 

The  isomorphisms  J^  and  Jjg  are  permutable  if 

.,(a-,)..3(^-,).,3(^-,).ol(°^^^^>-    •    •(•^> 

Every  Op  in  G^^  is  transformed  into  itself  by  the  isomor- 
phism Jxi  and  since  for  Jb  the  number  of  self-conjugate  Gp 
is  >3,  we  can  take  Jb  =  (A»  A-  A*»  A'^S  A^S  A^)'  where 
Xj,  2/2    and    ;grg   are  roots  of  ^^=1.     We  obtain  two  types  for 

which  JB^{P^,  A,  Ps;  Pr\  P2^\  Ps) 

2.     a  =  ^  =  -l,  y=l 

.'  ^,  =  ^,  =  0:8  =  ^5  =  0 
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Instead  of  Pj  and  F^  we  choose  new  generating  opera- 
tions, so  that  Jb^{Pi,  Pi,  P3;  Pi*s  Pa  Pg^O-  We  obtain 
three  new  types  for  which  JB-iPi,  P2,  P^',  A"^?  A^^»  -^s"^) 
or  (P„  P2,  P3;  PrS  A,  A) 

3.  a  =  ~  1,  /J^^'^l 

*•'  'yi  —  ^1  —  ^2  —  ^3  —  ^ 

Instead  of  Pg  and  P3  we  choose  new  generating  opera- 
tions, so  that  we  can  suppose  Jb  -  (Pi,  P2,  P3;  Pi^s  Pg^^  -fs^O- 
We    obtain    only   one  new  type  for  which  (j£  =  (Pi,  P2,  P3; 

^1       J    -t^2»    ^3       /• 

In  6J^4p3  =  { J.,  Pi,  P2,  Pg}   J^  is  an  isomorphism  of  order 

4.  This  isomorphism  can  be  chosen  in  nine  different  ways 
;for  p  =  l  (mod  4)  and  in  tw6  ways  for  2>  =  ^  (mod  4).  Jb  is 
an  isomorphism  of  order  2  permutable  with  J^. 

(i)  Ja  =  (Pi,  P2.  A;  Pi%  Af,  AO  where  a,  ^  and  }/  roots 
of  ^*=1.  The  isomorphisms  J  a  and  Jb  are  permutable  if 
congruences  (2)  are  satisfied. 

1.  a  =  p  =  y  =  d 

Every  Gp  in  O^z  is  transformed  into  itself  by  the  isomor- 
phism J^.  Since  Jb  is  of  order  2  the  number  of  self-conju- 
gate Op  is  >  3  and  we  can  thus  choose  Jb  -  (Pi ,  P2 ,  P^  \ 
Pj^,  Pg^/a,  Pg^O  where  x^^  y^  and  z^  are  roots  of  ^2  =  1,  We 
obtain    a    single    type    for    which    Jb  =  (Pi ,    P2 ,    Pg ;    Pi~^i 

p,-\  p,y 

2.  a  =  ^  =  5,  }/  =  ^3  or  ±  1 

•••    <?i  =  ^2  =  ^3  =  2/3  =  0- 

By  choosing  new  generating  operations  of  {Pj,  Pg)  we 
can  suppose  Jb-(Pi,  Pg,  P3',  Pi\  i^2^S  A^O-  We  obtain  six 
new  types  for  which 
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J  A  -  (Pi,  P„  Ps;  Pl^  Ps*,  Ps"*)  ^B  =  (P„  Ps,  P3;  PrS  P,,  Pi-^) 
j^  =  (P„  p„  p,;  p,^  Pa^  Ps)    Jb<p,.  p,,  Ps;  Pr^  P^^S  Pc') 

jj^ = (p„  p„  P3;  p^^  p^^  Ps)  ^B = (Pi,  p„  Ps;  Pi.  p«-^  Ps) 

/^  =  (Pi,  P2,  Ps;  Pi^  P,^  Ps-')  Jb  =  (Pi,  P„  Ps;  P{-\  P„  P,-') 

or  J^  =  (A,  P„  P3;  Pi^  P,^  P3-1)  ./«  =  (Pi,  Ps,  Ps;  Pi,  Pg-S  Ps) 

3.  a  =  d,  /5  =  ^8,  }>=+  1 

No  isomorphism  Jb  exists 

4.  a  =  ^,  /fi?  =  y=±  1 

•.•  y^  =  z^=x^^x^=:0 

By  choosing  new  generating  operations  of  {Pg,  Ps}  we 
can  suppose  Jb  =  {Pu  P2.  P3;  Pi'S  P?^'*  Ps^)-  ^^  obtain 
three  types  for  which 

Ja  =  (Pi,  P2,  Ps;  Pl^  P2,  Ps)  ^B=  (Pi,  A.  Ps;  Pr^  Pr^  Ps^') 

or  Ja  =  {P,,P,,P,;P^P,-\P,-')  ^Tp,  =  (P„  P„  P3;  Pl~^  P,-S  Ps) 

5.  a  =  (5>,  /?=-  1,  y  =  +l 

•/  a?i=  2/1  =  ^1=  ....  =0 
No  isomorphism  Jb  exists. 

(ie)     Ja  =  (Pi,    a,    Ps;    Pl^    P3,    Pr'),    where   a^=\.     The 
isomorphisms  J^  and  Jb  are  permutable  if 

.  ay^  +  -STj  =  axg  -  0:3  =  ?/3  +  ^^  =  0  ) 

^  J  (mod  p) 
a^i-2/i  =  aa;3  4- ajg  =  2/2  —  ^3  =  ^  J 

•••  2/i=-2'i  =  3^2  =  2:3  =  0 
Since  Jr  is  an  isomorphism  of  order  2  we  get 

Hence  it  follows  that 

5'2  =  0,      l/o  =  2^3  =  £  1 


We  obtain  for  ^  =  3  (mod  4)  a  new  type  for  which 

J  A  -  (-?!,  ^2>  ^sJ  ^1»  -Ps»  ^2~^)       *^B  "  (-Pi,  A,  -PsJ  -Pl~*^  ^%y  A) 

^8^/G|8={^*  =  ^'  =  ^  =  l     AB^BA    AC^CA    BG^CB) 
jB'=  {.i,  B}.     Three  types. 

We  obtain  three  types  for  which 

jj,  =  (P„  P2,  P3;  P{-\ Fr\  B,^^)  Jb^(F,,  P2, P3;  A,  Pg-i,  P3-1) 
or  Ja  =  (Pi,  P2 P3;  Bi-\  A,  A)  «^B=(A,  A,  A;  A-S  A-S  A) 

In  G^pB=  {A,  B,  Pj,  P2,  P3}   we  can  choose  J  a  and  Jg, 
as  was  previously  shown.     Jc  is  permutable  with  J^  and  Jjg. 

•/   Jc  =  (Pi,  A,  i's;  A^  A^  AO 

We  get  a  single  type  for  which  the  isomorphisms  are  (Pj ,  Pg , 
P,;  P,±\  A±i,  P,±i) 

G'sp'/Gia,  =  {A<  =  S*  =  1      £-»^£  =  ^»} 
ir=  {A)  or  {A*,  Bj.     Six  types. 

Six  types  for  which 

j^  =  (P„  p„ p,;  Pr\  P,-\  Pr')  Jb  =  (P.,  A,  P,;  P„  P.,  P,-') 
j^ = (P.,  p,,  P,;  Pi-i,  Pr'.  Ps)  JbHP^,  a.  -Ps;  -Pr^  -PrS-P»-') 
J  J.  =  (P.,  P„  P,;  P.-S  Pr*.  A)  /b=(Pi,  Pi,  P»;  P.-'.  A.  -P»±') 

or  J^=(P„P„P^;  Pr\Pi,P,)  Jb={P„Pi,P,;  Pr\P,^\Pr') 

The  isomorphisms  corresponding  to  A  and  B  must  satisfy 

•^.^t^B  =  JbJa' 
As  before  it  is  shown  that  we  can  suppose 
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(I)   Ja-{P,.  a,  A;  A«,  A^  AO 

•/  a;ia(a«  -  1)  =  y^ifi^  -a)  =  ey(y^  -  a)  =  0 

x^(a^  -P)  =  y,p(fi^  - 1)  =  2'2(y'  -  i^)  =  0     (mod  p) 
x,{a^  -y)  =  y.ifi^  -y)  =  JS.yiy^  -  1)  =  0 

•/  a  =  d,     fi  =  6\     y=±l 
-.'  Xi=Xs  =  y2  =  ys  =  Zi  =  JS2  =  0 

Since  Jb  is  aii  operation  of  order  2  we  get 

When  ^  =  i  (mod  4),  we  thus  get  three  types,  for  which 

Ja  =  (Pi,  P2,  A;  A^  A*",  A)  ^B  =  (A,  ^^2,  A;  A,  A,  A^^> 
or  Ja  =  (A,  P2,  A;  Pl^  Ps**,  A-^)  ^B  =  (Pv  A,  A ;  A,  A,  A) 

(w)   J^  =  (A,  A,  A;  A%  A,  A'O 

•••   x^a{a^  -  1)  =  axfi  + 1/^  =  at/i  —  ^1  =  0 

//g  +  z^  =  ys  —  Z2  =  a^x^  —Xs  =  0      (mod  ^) 
a^x^  +  a;2  =  0 , 

•.•  2/1=^^1  =  0:2  =0:3  =  0 

Since  Jb  is  an  operation  of  order  2  we  get 
x,^  =  l,     2/224.^^2=1 

When  p  =  S  (mod  4)  we  thus  get  three  types  for  which 

Ja  =  (A,  A,  A;  A,  A>  A"^)  «7b=(A,  A,  A;  A±^  A,  A"^) 
or  Ja  =  (A,  A,  A;  A-S  A,  A'O  Jb  =  (A,  A,  A;  A,  A,  A~^) 

^V/(?3,  =  {^'  =  54  =  1     A2  =  ^     5-1^5  =  A^] 
H=^[A}.     Three  types. 

We  obtain  three  types  for  which 

or  Jx=(A.  A.  A; -P.-', Pr'>  P,)  JBHPr,P„ P.;  A,  Pr\  p^^') 
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The  isomorphisms  corresponding  to  A  and  B  must  satisfy 

JaJb  -  Jb^a'' 

Ja^^Jb^ ('^) 

As  before  it  is  shown  that  we  can  suppose 

(i)     JA-(F^.   P,,   P,\  A",  A^   AO 

From  the  relation  (3)  we  get 

V^l,     y^x^  =  ~l 
When  p  =  l  (mod  4)  we  thus  get  two  types  for  which 

Ja  =  (Pi,  P,.  P, ;  P/,  A'^  A)    Jb  =  (A,  P2.  P3 ;  A'^A.  A^O 

(^^)     J^  =  (A,  P2,  P3;  Pa  Ps,  Pg-^) 
From  the  relation  (3)  we  get 

When  p  =  3  (mod  4)  we  thus  get  two  types  for  which 

J^  =  (P„  P2,  P3;  P„  P3,  P2-1)  Jb  =  (Pi,  P2,  P3;  Pi^S  Pa^'PsS 
Pg^Pg-J/a)  where  ^2,  2/2  is  a  fixed  solution  of  y<^  -\-z^  =  —  1. 


(^63  ^  {p^2,«  =  Pg^  =  1     Po-iPj Po  =  Pi^+P 


j4  must  be  permutable  with  at  least  one  of  the  sub-groups 
{PJP^^\  (^  =  0,  1  .  -i?— 1).  For  this  we  can  choose  {P^\. 
In  addition  to  {P^\  A  is  also  permutable  with  one  of  the 
sub-groups  {P^^PP^}  {h  =  0,  1  .  .  p  —  I),  for  instance  {Pg} 

••  A-^P,A  -  Pi«       A-^PU  =  P.^ 
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But  Pj-z^Pi^P/zxP^^a  +  ^p) 

•.*  P  =  l  (mod  p) 

H^  {A^}  ','  JA  =  {Piy  A;  A".  A)-  a  a  fixed  prim, 
root  of  a*  =  1 

jff  =  £'  V  JA  =  (Pir  Pi\  Pa  ^2)-        «  a  fixed  prim, 

root  of  a^  =  l. 

The  group  of  isomorphisms  of  Gpz  is  of  order  p^(p  —  1). 
The  conjugated  sequence  of  Sylow's  sub-groups  of  order  2* 
to  this  group  consists,  as  can  be  easily  seen,  of  cyclical  O^^. 
Groups  in  this  category  thus  only  exist  when  O^jji  is  iso- 
morphic with  a  cyclical  group.  Six  new  types  are  obtained 
for  each  value  of  p.  When  p=l  (mod  4)  there  is  one  more, 
as  in  that  case  the  factor-group  O^j^  can  be  isomorphic  with 
a  cyclic  G^. 

JP,P  =  P,P  =  P,P  =  1  F,P,  =  P,P,  P,P3  =  P3P,| 

^"l  P,-^P,P,  =  P,P,  I 

^^pyG^={A'  =  i} 

Pi  is  a  characteristic  sub-group  oiGps.  This  is  self-conju- 
gate when  transformed  by  A.  Of  the  remaining  J92  ^  ^  sub. 
groups  of  order  p  either  none  or  at  least  two  are  permutable 
with  A.     In  the  latter  case  we  can  suppose 

A-^P,A  =  Pi«     A-^P^A  =  P/ 

Independently  of  whether  a  =  fi  (mod  p)  or  not  we  can  choose 
as  the  third  group  {Pg} 

•.•  J^  =  (P„  P^,  P3;  Pa  P/,  Ps') 
'.'  a^  =  P^  =  y^  =  1     a  =  fiy  (mod  p) 

:■  Ja.  =  (P„  P„  P,;  Pr,Pr'.  P3-')  or  (P,  P.,  P,\  Pr\  P,  P,"') 
S-aasOi    B.  NyhUn 
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Zr=  {A^}  '.•  J,  =  (P„  P„  P3;  P,a^  +  \  P,«^  P3«)     (r  =  0,  1,  2,  3) 
5^==  ^       •.•  J^  =  (P„  P^,  P3;  P,«''  +  \  P2«^  P3«)     (r H-  1,  5) 
When  A    is    only  permutable  with  {P^},  the  other  ^2  ^^^  Q^ 
are  permuted  in   cyclical  sequences   with  2,  4  or  8  groups  in 
each. 

We  may  thus  assume  that 

J^  =  (P„  A,  P3;  Pa  P3,  A«^2?n0 
•.•  a  =  -h 

1.  The  permutation  contains  one  cycle  with  two  termes 

'.'  a=e  =  0     b^  =  l  (mod  ^) 

Supposing  b=  1  J^  is  an  isomorphism  for  which  more 
than  one  Gp  is  self-conjugate.  If  &  =  — 1,  we  obtain  for  jp  =  3 
(mod  4)  one  type  for  which  J"^  =  (Pi,  Pg,  P3;  Pi,  P3,  ^2"^- 
If  on  the  other  hand  &  is  a  prim,  root,  we  obtain  for  p  =  b 
(mod  8)  one  type  for  which  Ja  =  {Pi,  A»  ^3;  A^»  ^3,  A^)- 

2.  The  permutation  contains  cycles  with  at  least  four  terms. 

J^  =  {P„  P„  P,;  P,-,  P„  P,''P,'>P,'^ 

Jx»  =  (-Pi.  -P2,  -P3;  -Pl°^  -Pi^A'-Pa^  A'^A^'^-Ps'  +  O 
Ja.  =  (P,,  P„  P,;  A"',  P,!/p,w  +  «p^26c  +  c',  .  .  .  .) 

where  x  =  aa  +  ae—  - hc^e  —  1)  —  ft^c 

i/  =  a;a  +  a(&  +  c^)  —  -  &c(6  +  c^)  (b  +  c^  —  1)  ~  b^c(b  +  c^)  ' 
z 

&2  +  &c2=  ±  1      (mod  p) 
2bc  +  c^  =  0       . 

Because  p^  -\-p  =  4^,  it  is  necessary  that  ^  =  3  (mod  4).  When 
c  =  0,  the  permutation  corresponding  to  Ja  contains  one  cycle 
with  two  terms 

•.•  2&  +  c2  =  0 
Hence  it  follows  that 

&2  =  i 
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(i)     6  =  1  •.•a  =  -l,     c2  =  -2,     ac,=  l 

A  fixed  solution  of  this  congruences  give  for  ^=3  (mod 
8)  a  type  for  which  Ja^(Pi.  P^,  P,\  Pr\  A,  P.^'P^Pz')- 
The  solution  —  c  and  —  a  give  a  group  isomorphic  with  the 
foregoing.  To  show  this  we  may,  e.  g.,  let  {A,  Pj,  Pg,  P^} 
be  generated  by  {A^,  P^-i,  P^,  Pz~^]' 

(ii)     b  =  —  l     •••  a  =  l,     c2  =  2,     a(c  +  2)  — c— 1  =  0 

We  obtain  for  p  =  7  (mod  8)  a  single  type  for  which 
J,  =  (P„  P„  P,;  P„  P„  A«P2-'P,2a). 

3.  The  permutation  contains  cycles  with  only  eight  terms. 
When  P2  is  transformed  by  A*  we  get  Pg  or  F^F^.  In 
both  cases  we  are  brought  back  to  the  previous  case.  Pg  is 
exchanged  for  P^P^  or  a  suitable  operation  in  {Pj,  Pg}. 

^8P»/(^^  =  \A^  =  P2  =  1     AB  =  BA\, 

B.  =  \A^,  B\  or  {A}.     Four  types. 

We  obtain  four  types  for  ^  =  1  (mod  4)  and  a  single  one  for 
i?  =  3  (mod  4) 

H^{A'^\ 
We  may  take 

J  A  =  (Pi,  P2,  P3;  A",  A^  AO-  «,  i^  and  y  roots  of  5^  =  1 
J5  =  (A»  A»  A;  A^>  P^^'^P^J^Pi^,  P^^^P^y^-P.,'-^)  is  an  isomorph- 
ism of  (7^3  if 

^  =  2/1^2-2/2^1 

From  Jb*  =  1  we  get 

iC2  =  1  .  .  .  (4) 

^1  +  ^i2/i  -  92/1^^1(2/1  -  1)  + ^2^1  -^2/2^1^2(^1  -  1)  -  2/i2/2^i'  =  0 


^  ^  ...  (7) 

^2'  +  2/2^1  =  1     2/2(2/1  +  ^2)  =  0  ,  .  .  (8) 
The  isomorphisms  Ja  and  J'jg  are  permutable  if 

x^iy  -  «)  -  2  2/2^2)^(7  -  1)  ^  0 

^,(^-7)  =  2/2()^-7)-0 

••*  rri  =  ^i  =  ?/2=0,     a?  =  2/i^2 
From  the  relations  (4 — 8)  we  get 

x^  =  2/i2  =  ^^^=1        x^{x  +  -2^2)  =  0 

By    varying    the    generating    operations    of    {P^,   P3}  we 
show  that  only  two  types  are  distinct  viz.  those  for  which 

or  Ja=(P^,P2.p,; Pr\P,.Pi-')  JB=^{P,.P,,P,\Pr\P^-\P,) 

(ii)       a  =  l     p  =  y  =  -l 

'.'  2x^+y^z^  =  2x^  +  y^z^  =  0        ....     (9) 
From  (6,  8)  we  get 

2/1^  =  ^2' 

1.  2/1  =  ^2^0  •.•  ^i=?/2  =  0 
Hence  it  follows  that 

Jb  is  in  this  case  identical  with  J^. 

2.  yi  =  -^2  •••  2/1'  +  ^i2/2  ^1         ^  =  -  1 

"When  Xi  and  a^g  are  determined  by  (9)  the  relations  (5,  7) 
are  also  satisfied.  In  order  to  show  that  the  solutions  give 
isomorphic  groups  we  wary  the  generating  operations  of  Gps. 


We  may  suppose 

Oi  =  Pi«,     0,  =  P^^^P^^^P^\     O3  =  P^^P^^^P^<^ 
'.'  a  =  h^c^  —  ^2^1 
Ja  preserves  the  same  type,  if 

2a^  +  h^e^  =  0    2^2  +  ^2^2  =  ^* 

The    values   2/1  =  1     ^2  =  ""  ^     a?i  =  a^g  =  ^1  =  2/2  =  ^  give  a 
type  and  we  can  always  determine  a,  a^,  ftj,  .  .  .  so  that 

where  ajj,  i/j,  .  .  .  is    a    fixed    solution    of   the    congruences. 
The  group  obtained  is  isomorphic  with  the  previous  one. 

H  =  E 

(i)  Ja  =  (Pi,  A»  A;   A'*'"^^  A'^^  A")  is  permutable  with  J^ 
if 

x,ar(l  -  a)  -  ^  J/i^-ia^Ca^  -  1)  =  0 

0:20(1  -  aO  -  2  y2^2«(«  -  1)    ^  ^ 
Zia{a'-  -  1  —  1)  =  ?/2«(«*"  ~  ^  —  1)  =  0 

1.  r  =  0  '.■  ^i=y2  =  Xi=X2  =  0 
From  (4—8)  we  get 

2/l2=^2'  =  l 

"We  obtain  a  single  type  for  which 

Ja  =  (A,  P2,  A;  A",  A,  A")  ^^  =  (Pv  A,  ^3;  A,  A-^  A-o 

2.  r  =  1  •.•  2a:i  +  y^z^  =  0     2X2  +  y^^^  =  ^ 
From  (4 — 8)  we  get 

yi  =  -^2       2/i'  +  2'iy2  =  l       a;  =  -l 
We  obtain  a  single  type  for  which 

J  A  =  (P„  Pj,  P,;  P,-'.  Pii".  Pa°)  ./b  =  (Pi,  P2,  P»;  P.-'-  Pj.  P»-') 
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3.     r  =  2,  3  •.'  ^i  =  y2=Xi  =  X2  =  0 

From  (4 — 8)  we  get 

The  groups  are  isomorphic  with  foregoing. 

(ii)    Ja  =  {Pi,  P^y  P^\  Pi,  Ps,  A~^)    is   permutable  with  Jb 

if  ?/2  +  ^1  =  yi-^2  =  ^2-^l-  Vl^l  ^  2^2  +  2/2^2  =  0 

The  relations  (4 — 8)  give  in  combination  with  these 

z^  =  x^  =  X2  =  y2^^     2/i^  =  l>      which  gives  no 
group  belonging  here. 

^8i>V6^p^3={^'  =  J52  =  C2  =  l      AB  =  BA     AC=CA      BC  =  CB} 

H=={A,  B],     Two  types.  -  .; 

H={C] 
V  JA  =  {Pr.P,,P,\Pi,P.-\Pf-')  Jb  =  (Pi,P2,P,\P^-\P2.Ps-') 

H=E 
J  A  and  Jb  can  be  chosen  as  was  shown  before.    Jc  is  permu- 
table with  both  and  is  thus  an  isomorphism  in  [J a,  Jb}-    No 
group  exists 

^^p'IG],z  =^{A^  =  B^  =  1     B-^AB  =  A^} 

11=  {A}  or  {^2,  B}.     Four  types. 
11=  {A^} 
We  obtain  two  types  for  which 

Ja-(P,,P2,P,',  Pc\  P2,Pn'')    Jb-{P,,P2P,\  PvP2-',Pz-') 
or  Ja-{P,,P,,P,)  P,,P,-\Pi-')    Jb=(PvP2P3\  PrSP2, ^"0 

H=E  : 

The  isomorphisms  J^  and  Jb  satisfy  the  relation 
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(i)  J^^iP,.  P,.P,;  P,-'^\   A«^  P3«) 

•  .•  x^{a''  -  a^e-  +  D)  -  ]-  y^z^a^'ia^  -  1)  =  0 

x,(a  -  a^r  +  D)  -  ^  tj,z,a(a  -  1)     =  0 

.  yi(a^  —  aO  =  ^i(a3  —  aO  =  0 

?/2(a3»  -  a)  =  ^2(a^  -  a)    =0 
a;(a3(r  +  i)_ctr  +  i)  =  o 

•••  r=3,      a;i  =  a;2  =  ?/i  =  -e^2  =  0 
From  (4 — 8)  we  get 

x  =  —l,     2/2^1  =  1 
We  get  for  r=l  (mod  4)  a  single  type  for  which 

Ja  =  (A,  A,  Ps;  i'l,  A''',  A°)   Jb  =  (A,  A  A;  Pr\  A,  A) 
(ii)  Ja  =  (A,  A.  A;  A,  A,  A-^) 

•••    2/2  -  -^^l  =  2/l  +  ^2  =  ^2  -  ^1  -  2/l^l  =  20^2  +  2/2^2  =  0    ' 

From  (4 — 8)  we  get 

x=-l,     tj,^-{-z,^  =  l 
We  obtain  for  p  =  S  (mod  4)  a  single  type  for  which 

Ja  =  (A,  A,  P3;  A>  A,  A-0   -^i?  =  (A,  A,  A;  A-S  A,  ^"0 

ir=  {.4}.     Two  types. 

-.'  Ja=(P,.  P2,  A;  Pr\P,.Pz-')  Jb={Pi. p,. P,yP,, p,-\  p^-') 

H  =  E 

The  isomorphisms  Ja  and  J/j  of  order  4  satisfy  the  relations 

JaJb  —  JbJa^ 

Ja-^^Jb^ (10) 
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(i)    Ja  =  (Pi,  P2,  P3;  Pi°'"^\  A"',  P3?) 

*.•  r=S,    Xi  =  X2  =  yi  =  ^2  =  ^ 
From  (10)  we  get 

x  =  l,    y2Zi  =  -l 

We  obtain  for  jp  =  1  (mod  4)  a  single  type  for  which 

^A  =  (Pi,  P2,  P3;  A,  P2'^^  P3«)     Jb={Pi.  P2,  P3;  Pp  A-S  A) 

{ii)     J:i  =  (P„  Pg,  P3;  Pi,  P3,  P^-i) 

•  .•  i/2  -  ^1  =  2/1  +  ^2  =  2a;i  +  2/1^1  =  20^2  +  2/2^2  =  0 
From  (10)  we  get 

We  obtain  for  ^  =  3  (mod  4)  a  single  type  for  which 

Ja  =  (Pi,  P2»  P3;  Pi»  ^ay  ^2~^) 

Jb  =  (P^.  P2,  P3;  A,  Pi^^P^'^Ps^  Pr"^P2-^P3-^0 

where  x^,   ?/i   and  -e-^  are  a  fixed  solution  of  the  congruences. 


III. 

The  Gsp^  which  have  a  self-conjugrate  Gs  and 
more  than  one  Gps. 

If  the  operations  in  Oq  are  transformed  with  Gps  we  ob- 
tain the  same  operations  in  another  order.  Every  operation 
in  Ops  thus  corresponds  to  an  isomorphism  of  G^.  Since  the 
group  of  isomorphisms  of  O'^  (r  =  3,  5)  is  only  divisible  by  _p, 
every  operation  in  a  sub-group  H  of  order  p^  of  Gps  must  be 
permutable  with  every  operation  in  6^^.  The  groups  are  thus 
obtained  direct  from  Western's  treatise  1. 


^   Western,    Groups    of    order  p^q.     L.   M.    S.    Proc.    Vol.   30 
(1899). 
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We  have  the  following  cases  to  consider: 
0}».   R={PP}.     We  obtain  three  types. 

{G|,  G^^}  for  which  Jp=^(A)  (B  C  BC)  . 
{G^,  G^^}  for  which  Jp  =  (A^)  (A  B  AB) 
[G^,  aj»  }  for  which  Jp=(A  B  C  AB  .  . 

G^.  H={P,}  or  {P,P,  P,},     Six  types. 

G^.  H={P^,  Pg}.     Three  types. 

G^.  H=  {Pi}  or  {P,P,  Pg}.     Six  types. 

O^.  jy={Pi,  P2}.     Three  types. 


IV. 

The  Gsp^  which  contain  no  self-conjugrate  G^ 

or  Gps. 
(i)       i?  =  7. 

All  the  groups  ^8.73  contain  8  6^73.  These  8  6^73  have  a 
common  sub-group  6^49,  which  is  self-conjugate  in  6^8.78.  The 
factor-group  G^,^s/Q  =  P^e  which  is  formed  by  this  has  no 
self -conjugate  sub-group  of  order  7.  In  such  a  case  G^g.,^ 
would  have  a  self-conjugate  G^s  which  is  contrary  to  the  hypo- 
thesis. Pjg  thus  has  a  self-conjugate  (rg,  which  is  necessarily 
an  Abelian  group  of  type  (1,  1,  1).  6^3.73  has  thus  a  self- 
conjugate  (Tg.72.  This  har  7  or  49  G^,  and  since  the  group 
of  isomorphisms  of  Gp^  contains  no  Abelian  Gq  of  type  (1,1,  1), 
these  G^  have  a  common  sub-group  H  of  order  2  or  4.  H 
is  self-conjugate  in  6r^8.73.  The  factor-groups  G^^^a/ff  =  ^2.7=^  or 
P4.73  which  are  formed  by  this  have  a  self- conjugate  sub- 
group G^»  (Sy low's  theorem).  (^8.73  has  consequently  a  self- 
conjugate  sub-group  of  order  2 .  7^  ur  4.73.  Both  these  sub- 
groups have  a  self -conjugate  (^73,  which  is  also  self-conjugate 
in  G^g.73.  This  is  contrary  to  the  hypothesis.  Consequently 
there  is  no  group  belonging  here. 


(ii)      p  =  3. 

All  the  groups  6^216  contain  4  (^27  which  have  a  common 
sub-group  Gq.  This  is  a  self-conjugate  sub-group  in  6^216- 
The  factor-group  ^216/6^9  =  ^4  which  is  formed  by  this  has  no 
self-conjugate  sub-group  G^.  In  this  case  G21G  would  have  a 
self-conjugate  G^g??  which  conflicts  with  the  assumption.  There 
thus  remain  three  different  types  for  7^24-  I^  follows  directly 
from  this  that  groups  exist  only  when  the  conjugated- se- 
quence of  Sylow's  sub-groups  consists  of  dihedral-,  quaternion- 
or  Abelian  groups  G^  of  type  (1,  1,  1).  When  7^24  is  iso- 
morphic with  the  octohedral  group,  G^gie  ^^^  ^  self- conjugate 
sub-group  (xio8 ,  because  7^24  contains  a  tetrahedral  group  that 
is  self-conjugate.  Even  in  the  case  when  7^24  contains  an 
Abelian  G^  of  type  (1,  1,  1),  7^24  ^^s  a  self-conjugate  tetra- 
hedral group  and  thus  G^2i6  ^^s  a  self-conjugate  G^q^.  If, 
on  the  other  hand,  7^24  contains  a  quaternion-group,  G21Q 
has  a  self-conjugate  sub-group  (r^g,  but  may  also  simulta- 
neously have  a  self-conjugate  G^q^.  Gr^^  contains  3  or  9  quater- 
nion-groups and  1  (jg.  If  these  G^  have  a  common  G^,  which 
is  always  the  case  when  Gq  is  cyclic,  6^216  contains  a  self- 
conjugate  G^^^,  because  the  factor-group  G^^qIQ  =7^54  has 
one  6f  order  27.  If,  on  the  other  hand,  only  the  operation 
of  order  2  is  common,  the  factor-group  F^^^  is  formed.  This 
has,  as  is  proved  below,  either  a  self-conjugate  G^  or  G^i  and 
thus  (X216  contains  a  self-conjugate  G^  or  6^27-  The  groups 
O216  sought  thus  have  a  self-conjugate  sub-group  6^108'  except 
when  the  conjugate  sequence  of  Sylow's  sub-groups  G^  con- 
sists of  9  quaternion-groups  without  common  operations.  It 
is  easy  to  show  that  in  this  case  the  self-conjugate  sub-group 
(T72  can  only  be  chosen  in  one  way.  The  group  of  isomorphisms 
of  G^  is  a  group  of  order  48.  This  contains  3  G^q  with  a 
common  quaternion-group  (P.  49).  The  isomorphims  corres- 
ponding to  the  operations  in  G^  are  thus  just  these.  This 
agrees  of  course  with  the  precedmg  result  (P.  26). 

We  may  thus,  for  instance,  conveniently  choose  G^^  in 
the  following  way : 


A*  r=  ^4  =  p^3  =  Pjj3  =  1      A^  =  B^      B-^AB  =  A^     P^P^  =  PaP^ 

^-iPi^  =  P2-i    B-^P^B  =  Pr^P^-^ 

A-^P^A  =  Pi     ^-iPgP  =  Pi-'Pi 

Oj={P^,  Pg}  is  thus  the  common  self-'conju gate  sub-group  of 
4  6^27-  When  these  (T27  are  Abelian  groups  each  operation 
in  {Pi,  Pg}  must  be  self -conjugate  in  a  group  G^q^  or  (t216- 
We  are  thus  brought  back  to  the  case  where  G21Q  has  a  self- 
conjugate  (tjos-  Each  (t27  is  self-conjugate  in  a  sub-group  6^54, 
which  is  generated  by  A^  and  the  G.^^  given.  61^54  contains 
just  9  G^2'  namely  the  operations  of  order  2  in  the  9  quater- 
nion-groups. An  operation  of  order  3  must  thus  be  permu- 
table  with  A^  and  consequently  G2^  cannot  contain  an  opera- 
tion of  order  9.  There  thus  only  remains  the  case  that  all 
the  operations  in  G^g?  ^^'^  ^^  order  3.  An  operation  of  order 
3,  e.  g.  Pg  outside  {Pj,  P2},  corresponds  to  an  isomorphism 
of  order  3  to  {P^,  P2}  and  permutes  the  9  quaternion-groups, 
i.  e.  A  and  B  apart  from  operations  in  {Pj,  P2}.  The  group 
of  isomorphisms  6^43  has  a  self-conjugate  G24,  which  in  its 
turn  contains  4  6^3.  Thus  G^^  has  4  G^  and  consequently  8 
isomorphisms  of  order  3.  Any  isomorphism  of  order  3  can 
be  chosen  corresponding  to  P3,  but  then  it  is  also  established 
<1)  which  of  the  4  G^  in  {P^,  Pg}  is  central  to  {P3,  Pj,  Pg}, 
<2)  how  P3  permutes  the  operations  A  and  B. 
We  may  assume: 

•••  Jp,  =  (^2)  (j^  B  AB)  (A^  A'B  A^B)  apart  from  opera- 
tions in  {Pi,  Pj}. 

P3  permutes  the  9  quaternion-groups  in  (?,2 

•.•  P^-'APs  =  BUi      Pr'BPs  =  -l^t^s 

:■  Pr'AP,'  =  ABU,Pr'UiP, 

■.■  p,-up,'  =  BUiABU,Pr'U,Pr'ViP,^ 

:■  E  =  (AB)-^UiABU,Pr'U,P,P,-'UiP,^    .  .  .  (11) 
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When    this    relation    is    satisfied    it  thus  follows  immediately 
that  Pg*  is  permutable  with  B  because 

P,-^BP,^  =  BU,PrKAB)-^U,ABU,P,-^V,F,^ 

The  different  quaternion-groups  are  obtained  by  transforming 
[A,  B}  with  P^^P^y 

{P^^p^y)-^AP^^P^y  =  AP^^  -  2/P/ + y 
(P^^P^yy^BP^^P^y  =  BP^^^ + 2/P/ 
(pxp^y)-i^BP^^P^y  =  ABP^yP^^  +  2y 

We  may  thus  assume: 

Z7i  =  Pi2^+2/P2-^  Z72  =  Pi2/P2^  +  22/  and  because  of  (11)  a? 
and  y  can  here  have  arbitrary  values. 

For  x=y  =  0  we  obtain  a  group  G2iey  defined  by  the 
relations 

A^  =  B^=  P^s  =  PgS  =  P33  =  1 

A^  =  B^     A-^BA  =  B^     P,P,  =  P,P^     P^P,  =  P,P, 

J.-1P1  J.  =  Pg-i     B-^P^B  =  P^-^Pf-^ 

A-^P,A  =  P,    B-^P,B  =  Pr'P2    P3-^P2A  =  AA 

Pf^AP^^B    P^-^BP,  =  AB 

If  one  exchanges  P3  for  P^P^^P^y,  all  the  other  types 
are  obtained  from  this. 

We  thus  still  have  the  case  when  G^^q  has  a  self-conju- 
gate (tjos-  This  (tjos  ^^s  4  (T27  which  have  a  common  (tq. 
The  factor-group  G^qq/Q-  =  P12  ^^^  not  a  self-conjugate  G^  and 
is  thus  isomorphic  with  the  tetrahedral  group.  As  the  iso- 
morphic group  to  Gq  does  not  contain  any  tetrahedral  group, 
eaph  operation  in  a  sub-group  6^4  must  be  permutable  with 
each  operation  in  Gq.  Thus  G^qq  contains  a  non-cyclic  G^^  self- 
conjugate.  The  conjugate  sequence  of  Sylow's  sub-groups  thus 
consists  of  dihedral-  or  Abelian  groups  Gg  of  the  type  (1,  1,  1). 
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{a)     When  O^  is  Abelian  we  may  take 

P-^BP=C    P-WP=BC 

x^  =  l  (mod  27) 

Only  x=l    gives    an    isomorphism.     The  groups  are  iso- 
morphic and  contain  a  self-conjugate  G^. 

{b)     When  G^  is  a  dihedral  group  we  may  take 
P-^A^P  =  B    P-^BP  =  A^B 
'.'  A-^PA  =  P^U. 

Because  A-^PA^  =  PA^B 

it  follows  that 

x  =  -l  U=A^  or  A^B 

Both  lead  to  the  same  type,  defined  by  the  relations 
A*  =  B^  =  P27  =  1     B-^AB  =  A^ 
P-^A^P  =  B    P-^BP  =  A^B    A-^PA  =  P-^A^B 

Gl^.     G,  =  {P,}  or  {P,3,  P,} 

<a)  P^-^BP^=:C    P,-^CP,  =  BC 

•••  A-iPiA  =  Pi^     A-^P^A  =  P^^^^P^y^U 

Since  {P,  (7}  is  self-conjugate  in  6^216  ^^^  ^^  permutable  with 
Pi  and  Pg,  we  get 

?/i  =  1     ic^  =  1  (mod  9)     :ri(a;  +  1)  =  0  (mod  3) 

For  x=l  we  may  take  U  arbitrarily.  The  groups  are  iso- 
morphic and  contain  a  self-conjugate  G^. 

For  x  =  —  1  we  may  take  both  x^  and  U  arbitrarily.  The 
groups  are  isomorphic  and  give  a  single  type  G^^q  defined 
by  the  relations 


AB  =  BA    AC^CA    BC  =  CB    P^P^^P^P^     A      .  > 
A-^P^A  =  Pr'    PiB  =  BP^    P^C  =  CP, 
AP,  =  P^A    P^-^BP^  =  C    P,-^CP,=BC 

(h)    G,  =  IP,},     G,=  {A^  B} 

By  an  investigation  analogous  to  (a),  we  obtain  two  types  viz. 
A^  =  B^=^  Pj^  =  P/  =  1     B-^AB  =  A^     P^P^  =  P^P^   '"'  :  V 
P,-^A^P,  =  B    P,-^BP,  =  A^B    A-^P,A  =  P,-^A^B 
A-iPiA=Pi±i     B-^P^B  =  P^ 

(c)  Pr'PPi  =  C    Pr'CP,  =  BC 

•.•  A-^P^A  =  P^^P^yU    A-^P^A  =  P^^^^P^y^  .; 

Hence  it  follows  that  ^ 

x^  +  Zx^y  =  1     Sx^(x  +  2jj)  =  0  (mod  9) 
2/i2  =  l         2/(a;  +  z/,)-0  (mod  3) 

Because  {B,  C}  is  self -conjugate  in  G^gie  we  have  the  following 
three  cases: 

x=l  (mod  9) 

♦.•  yi^  =  l     x^y  =  y{x-\-y^)  =  x^(x  +  y^)  =  0  (mod  3) 

For  2/i  =  1  the  groups  contain  a  self -conjugate  (r|. 

For  t/i  =  —  1    we    obtain    a    single  type  G^g^g   defined  by  the 
relations 

A^=.B^  =  C^  =  P^'  =  P^^  =  1  ;     • 

AP  =  J5A    AC=CA    BC=CB    P,P,  =  P,P^ 
AP,  =  P,A    Pr'BP,  =  C    Pr'CP,  =  BC 
A-^P,A  =  P,-^     BP,=^P,B     CP,  =  P,C 

x  =  4:  (mod  9) 

(  X  =  1        (  X  =2i 

•.•  2/,  =-1  and|  ^"^  or  I  ^_2     (mod  3)  ,       : 


n 

x  =  7  (mod  9) 

V  y,  =  -l  and  J  ^^^  ""^  [  y=l    ^"^""^  ^> 

By   exchanging   A  for  ^J?,  J. (7  or  ABC  we  may  take  U=E. 
New  generating  operations  of  G^     may  be  taken,  e.  g. 

so  that  .4-JOi^  =  Oi      ^-lOg^  =  O^-^ 

The    four    types    are    thus    isomorphic    with   the  immediately 
preceding. 

(d)    G,^{F,\  F,}.     G,  =  {A^  B] 

By    an   investigation  analogous  to  (c),  we  obtain  two  ty- 
pes, viz. 

A^  =  J52  =  Pi9  =  Pg^  =  1     B-^AB  =  A^     P^P^  =  P^P^ 
Pr'A^P,  =  B    Pr'BP,  =  A^B    A-^P,A  =  Pr'A^B 
A-^P^A  =  P^^^    BP^  =  P^B' 

Gl^.    G,^[P,,  P,}. 

(a)  P,-^BP,  =  G    P,-WP,  =  BC 

A   defines   an  isomorphism  of  order  2.     We  can  then  al- 
ways   choose    new    generating  operations  of  {Pj,  Pg}  so  that 

A-^P^A  =  Pi-^    A-iPgA  =  Pg?/    A-^P^A  =  P^^^P^J^Pff 

We  obtain  two  types  G^i^  defined  by  the  relations 

A-^P^A  =  Pi-i    A-^P^A  =  Pgii    ^-iPa^  =  P3 

(6)  Pr'A^P.^B    Pr'BP.-A^B 

\-  A-^P,A  =  P,*    ^-iPgA  =  P^y    A-^P^A  =  P^^^P^y^P^-^U 

We   obtain   three  types  (^gig  defined  by  the  relations  (except 
x  =  -y=l) 

A-^P^A  =  P^ii     ^-iPg^  =  P^ii     A-1P3A  =  P^-^A^B 


so 

Ql^,     G,=  {P,}  or  {PA  A} 

(a)  Fr'BP,  =  C      P,-WP,^BC 

'.'    A-^P^A^P^^    A-^P^A  =  P^^ypp 
'.'  x^  =  l  (mod  9)       y{x+l)  =  0  (mod  3) 

For  x  =  l  the  groups  contain  a  self-conjugate  (r|. 

For  x  =  —  1   we  get  a  single   type  G21Q  defined  by  the  rela- 
tions 

AB  =  BA    AC=CA    BC=CB    P,P,  =  P,P,^ 

A-^P2A  =  P,    P,-^BP,  =  C    P,-^CP,  =  BC 

^-iPi^-Pi-^    P^B  =  BP,     P^C=CP^ 

0)     G,  =  {P,}.     G,=={A^  B] 

When  {Pi,  Pg}  is  transformed  by  A  we  must  obtain 
A-^P^A  =  P^^yP.U 
This  is  not  possible,  because  {A^j  B}  is  self -conjugate  in  G^iq. 

{c)  P,-^BPi=C    P^-WP^  =  BC 

-:  A-^P^A  =  P^'^P^yU    A-^P^A^^P^^^^P^ 

Hence  it  follows  that 

3 

ic2  +  ^x^ij  —  -  x^y{x  —  1 )  =  1  (mod  9) 

y(x  -t- 1)  =  x^{x  +  1)  =  0   (mod  3)     .     .     .   (12) 
'.'  x=l     y  =  Xj^  =  0 
The   groups  are   isomorphic  and  contain  a  self- conjugate  (r|. 

(d)  Pr^A^Pi  =  B    Pr'BPi  =  A^B 

•/  A-^P,A  =  P^^P^vU    A-^P^A  =  P^^'^P^ 


81 

The  congruences  (12)  must  be  satisfied  an<l  because 
[A^,  B\  is  self-conjugate  in  G^^q  we  get  the  following  three 
cases : 

x  =  —  1  (mod  9) 

•.•  Xiy  +  y  =  0  (mod  3) 

The  generating  operations  of  O^ 

can  always  be  taken  so  that 

A-W,A  =  Or'U    A-^O^A  =  0^ 

We  thus  obtain  a  single  type  G^^q  defined  by  tlie  relations 
^4  =  ^  =  p^9  =  PgS  =  1     B-^AB  =  A^    P^P^  =  P2P1* 
P^-^A^P^  =  B    Pr^BP^  =  A^B    A-^P^A  =  P^^A^B 
AP^==P^A    BP^^P,B 

x=2  or  5  (mod  9) 

In  a  way  analogous  to  this  we  show  that  the  four  types 
obtained  are  isomorphic  with  the  immediately  preceding 

Gl^.    ^,=  {A,  P,} 

(a)  Pf-^BP^  =  C    P^-WP^  =  BC 
We  may  take 

A-^P^A  =  P^^    A-^P^A  =  P^y    A-'PsA  =  P,'^P,y^P^U 
•/  rc2  =  i/2  =  1     x^ix  +  1)  =  y^iy  +  1)  =  0  mod  3) 
We  get  a  single  type  G216  defined  by  the  relations 

A-^P,A=^Pr'     A-^P,A  =  P,-^     A-^P^A  =  P^ 

(b)  By  an  investigation  analogous  to  (a),  we  obtain  two  types 
yiz. 

A-^P,A^P,=^^    A-^P,A^P,Ti    A-^P^A=^Pr'A*B 

e-iSSOi    R.  NyhUn 
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Finally  I  give  a  table  showing  the  number  of  types  for. 
different  values  of  p 


Number 

p 

of  types 

3 

179 

7 

154 

p=l  (mod  8) 

239 

p  =  S  (mod  4) 

147 

^  =  5  (mod  8) 

195 

